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1. Introduction 

Let us start by recalling the statement of Steenbrink's conjecture. Let / : X — >■ A^ 
be a function on a smooth complex algebraic variety. Let a; be a closed point of 
/^^(O). Steenbrink introduced [21j the notion of the spectrum Sp(/, x) of / at x. It 
is a fractional Laurent polynomial XlaGQ'^"^"' in Z, which is constructed using 
the action of the monodromy on the mixed Hodge structure on the cohomology of 
the Milnor fiber at x. When / has an isolated singularity at x, all are in N, and 
the exponents of /, counted with multiplicity exactly the rational numbers 

a with Ha not zero. 

Let us assume now that the singular locus of / is a curve F, having r local com- 
ponents Ff, 1 < £ < r, in a neighborhood of x. We denote by mi the multiplicity 
of Ff. Let g he a. generic linear form vanishing at x (that is, a function g vanishing 
at X whose differential at x is a generic linear form). For large enough, the func- 
tion f + g^ has an isolated singularity at x. In a neighborhood of the complement 
F^ to {x} in Te, we may view / as a family of isolated hypersurface singularities 
parametrized by F^. The cohomology of the Milnor fiber of this hypersurface sin- 
gularity is naturally endowed with the action of two commuting monodromies: the 
monodromy of the function and the monodromy of a generator of the local funda- 
mental group of F^. We denote by aej the exponents of that isolated hypersurface 
singularity and by jSij the corresponding rational numbers in [0, 1) such that the 
complex numbers exp{2nii3ej) are the eigenvalues of the monodromy along F^. 

1.1. Conjecture (Steenbrink For > 0, 

(1.1.1) Sp(/ + (?^,x)-Sp(/,x) =^t"*.^+('5^'^/'"^^)- 



1 _ fl/miN ■ 



The conjecture of Steenbrink has been proved by M. Saito in |2j, using his theory 
of mixed Hodge modules JHlEni- Later, A. Nemethi and J. Steenbrink gave 
another proof, still relying on the theory of mixed Hodge modules. Also, forgetting 
the integer part of the exponents of the spectrum, (ll.l.lj) has been proved by D. 
Siersma |^ in terms of zeta functions of the monodromy. Notice that, taking 
ordinary Euler characteristics, (jl.l.lj) specializes to a result of I. lomdin 0^ who 
was the first to compare vanishing coho mo logics of / and f + g^ ■ The convention 
we use here, cf. ()6.6.2p . to define Sp(/, x) slightly differs from the original one and 
corresponds to what is denoted by Sp'(/, x) in [2L. 
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Recently, using motivic integration, Denef and Loeser introduced the motivic 
Milnor fiber Sf^^- It is a virtual variety endowed with an action of the group scheme 
fi of roots of unity and the Hodge spectrum Sp(/, x) can be retrieved from Sf^^, cf. 
[Hj. They also showed that an analogue of the Thom-Sebastiani Theorem holds for 
the motivic Milnor fiber. This result was first stated in a (completed) Grothendieck 
ring [7j of Chow motives and then extended to a Grothendieck ring of virtual varieties 
endowed with a /i-action in and 0, using a convolution product * introduced 
in jinj. It is also convenient to slightly modify the virtual varieties Sf^x, which 
correspond to nearby cycles, into virtual varieties 5^^. corresponding to vanishing 
cycles. 

It is then quite natural to ask for a motivic analogue of Steenbrink's conjecture 
in terms of motivic Milnor fibers. The present paper is devoted to give a complete 
answer to that question. Our main result. Theorem 15. 7( expresses (in its local version 
I5.16|) . for X a closed point where / and g both vanish and for ^ 0, the difference 
— iS^_,_g^r ^ as "if^i^SgN x{<S'^)), where iS^iv ,j,(iSj) corresponds to iterated motivic 
vanishing cycles and is a generalization of the convolution product *. In fact, in 
Theorem 15.71 we no longer assume any condition on the singular locus of /; also g is 
not assumed anymore to be a generic linear form and can be any function vanishing 
at X. Formula may be deduced from Theorem 15. 71 bv considering the Hodge 

spectrum. 

The plan of the paper is the following. In section |21 we introduce the basic 
Grothendieck rings we shall use. Then, in section El we recall the definition of 
the Motivic Milnor fiber and we extend it to the whole Grothendieck ring. Such 
an extension has also been done by F. Bittner in [21, using the weak factorization 
Theorem and her work [51 ; the construction we present here, based on motivic 
integration, is quite different. We then extend the construction to the equivariant 
setting, in order to define iterated vanishing cycles in the motivic framework in 
section m In sectional we first define our generalized convolution operator \E's and 
explain its relation with the convolution product *. This gives us the opportunity to 
prove the associativity of the convolution product *, a fact already mentioned in jH]. 
Then comes the heart of the paper, that is the proof of Theorem 15.71 We conclude 
the section by explaining how one recovers the motivic Thom-Sebastiani Theorem 
of [7j, fT^ and 'S] from Theorem 15.71 The final section [HI is devoted to applications 
to the Hodge-Steenbrink spectrum, in particular, we deduce Steenbrink's conjecture 
II. II from Theorem 15.71 

. We heartfully thank the referee for reading several versions of the paper with 
meticulous care and for providing us comments that were most helpful in improving 
the exposition and in eliminating many inaccuracies. We also thank A. Fernandez 
de Bobadilla and A. Melle for their comments. 

2. Grothendieck rings 

2.1. By a variety over of field k, we mean a separated and reduced scheme of finite 
type over k. If X is a scheme, we denote by |X| the corresponding reduced scheme. 
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If an algebraic group G acts on a variety X, we say the action is good if every 
G-orbit is contained in an afiine open subset of X. Let F be a variety over k and 
let p : A ^ y be an affine bundle for the Zariski topology (the fibers of p are 
affine spaces and the transition morphisms between trivializing charts are affine). 
In particular the fibers of p have the structure of affine spaces. Let G be a linear 
algebraic group. A good action of G on A is said to be affine if it is a lifting of a 
good action on Y and its restriction to all fibers is affine. Note that affine actions 
on an affine bundle extend to its relative projective bundle compactification. 

If G is finite and X and Y are two varieties with good G-action, we denote by 
X x'^ Y the quotient of the product X x Y by the equivalence relation {gx,y) = 
{x,gy). The action of G on, say, the first factor of X x y induces a good G-action 
on X x'^Y. 

For n > 1, we denote by /i„ the group scheme of n-th roots of unity and by fi the 
projective limit lim/i„ of the projective system with transition morphisms find fJ'n 
given by X 1-^ x'^. In this paper all /i-actions, and more generally all //.''-actions, will 
be assumed to factorize through a finite quotient. 

2.2. Throughout the paper k will be a field of characteristic zero. For S a variety 
over fc, we denote by KQ{yais) the Grothendieck ring of varieties over S*, cf. jS]. 
Let us recall it is generated by classes of morphisms of varieties X ^ 5, and that it 
is also generated by classes of such morphisms with X smooth over k and it suffices 
to consider relations for smooth varieties. We denote by L = L5 the class of the 
trivial line bundle over S and set M.s for the localization ii"o(Var5') [L~^]. As in 
jni, let us consider Grothendieck rings of varieties with /t-action. They are defined 
similarly, using the category Var|^ of varieties with good /i-action over S*, but adding 
the additional relation 

(2.2.1) [YxAl,a] = [YxAl,a'] 

if a and a' are two liftings of the same /i-action on Y to an affine action on y x 
We shall denote them by ii'o(Var^) and One can more generally replace (x 

by fi^ in these definitions and define ii'o(Var^ ) and . In jS] Bittner considers 
similar equivariant rings, but with an additional relation a priori coarser than the 
one we use here. 

2.3. In the present paper, instead of varieties with /i-action over S, we choose to 
work in the equivalent setting of varieties with Gr„-action with some additional 
structure. 

Let y be a variety with good G^-action. We say a morphism tt : y — > is 
diagonally monomial of weight n in NI^q, if 7r(Aa;) = A"7r(a;) for all A in GJ„ and x in 
y . Fix n in N!^q. We denote by Var^ ™q,. the category of varieties Y ^ S x over 
S X G'[^^ with good G^-action such that furthermore, the fibers of the projection 
Til : Y ^ S are G^-invariant and the projection '■ Y ^ GJ^ is diagonally 
monomial of weight n. We define the Grothendieck group -K'o(Var^™^ ) as the free 
abelian group on isomorphism classes of objects Y ^ S x GJ^ in Var^^Q^ , modulo 
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the relations 

(2.3.1) [Y^SxG:^] = [r^SxG^^] + [Y\Y'^Sx Gl^] 
for Y' closed GJ!„-invariant in Y and, for / : F ^ 5* x GJ^ in Var^™Q^ , 

(2.3.2) [F X ^ S X G:„, a] = [F X 5 X G^^, a'] 

if a and a' are two liftings of the same G^-action on F to affine actions, the mor- 
phism F X A^ ^ S x GJ^ being the composition of / with the projection on the 
first factor. Of course in ()2.3.2j) . instead of the trivial affine bundle we could have 
considered any affine bundle over F. 

Fiber product over S x G^ with diagonal action induces a product in the cate- 
gory Var^™(^. , which allows to endow A'o(Var^^"(^ ) with a natural ring structure. 
Note that the unit l^xG^ for the product is the class of the identity morphism on 
S X G^, the GJ„- action on S' x G^ being the trivial one on S and standard mul- 
tiplicative translation on GJ„. There is a natural structure of ii'o(Varfc)-module on 
KoiVaig^^r )• We denote by L^xg^ = L the element L ■ Isxg^ iii this module, and 
we set M^^^r^ = iro(Var?J4)[L-i]. 

If / : S* ^ S" is a morphism of varieties, composition with / leads to a push- 
forward morphism f\ : Mg^Qr -^s'^xG^ ' while fiber product leads to a pull-back 
morphism /* : A^^/xG'- ^ -^sxg^ (these morphisms may already be defined at 
the ii'o-level). 

2.4. For n in NC.O, we denote by the group fx^ x ■ ■ ■ x We consider the 
functor 

(2.4.1) : Var Varg" 

assigning to p : F ^ 5 x G^ the fiber at 1 of the morphism F — > G^ obtained 
by composition with projection on the second factor. Note that this fiber carries a 
natural /^n-action by the monomiality assumption. 

On the other side, if / : X ^ S* is a variety over 5* with good /^n-action, we may 
consider the variety F^^X) := X x^" GJ„ and view it as a variety over S x G^ by 
sending the class of (x. A) to (/(x). A"). The standard G!;„-action by multiplicative 
translation on G^ induces a GJ^-action on Fn(X). Note that the second projection 
is diagonally monomial of weight n, hence is in fact a functor 

(2.4.2) ir„:Var^-^Var^,-4. 



2.5. Lemma. The functors F^ and Gn are mutually quasi-inverse, so that the cat- 

■-SxG'; 



egories Var^" and Var^™(^. are equivalent. 



Proof. It is quite clear that Gn{Fn(X)) is isomorphic to X, for X in Var^". For X 
in Var^™(C , set F := Gn{X). We have a natural morphism F x G^ — > X sending 
{y, A) to Xy. Clearly this morphism induces an isomorphism between F x'^" GJ^ and 
XinVar^J^". □ 
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We consider the partial order n ^ m on N!^q given by divisibility of each coordi- 
nates, that is, n ^ m if n = km for some k in N!^q. If n = km, we have a natural 
functor 

(2.5.1) : Var?,-^ Var^J^^^, 

sending X ^ S x G[,^ to the same object, but with the action X Xx on X replaced 
by A I—* A x. We define the category Var^ as the colimit of the inductive system 
of categories Var^™^ . We define i^olVar^^Q^ ) and A^^^g'- 12.31 Clearly, 

ii'o(Var^™Qr ) and AisxG^ respectively the colimits of the rings KoiVaig^^r ) 
and • Since the category Var|^ is the colimit of the categories Var^", we 

have the following statement: 

2.6. Proposition. There is a unique pair of functors 

(2.6.1) G : VarJJ(.j^ — > Var^' 
and 

(2.6.2) F : Varf Var^,-^.^ 

that restrict to Ga and Fn for every n. They are mutually quasi-inverse. In partic- 
ular G induces canonical isomorphisms 

(2.6.3) iro(Var?,-G^) ^ Ko(Var§^) and A^^^b^ ^ -M§^ 

compatible with the operations f\ and f*. □ 

2.7. Let y be a variety with good Gj^-action. We say a morphism vr : F — > is 
monomial if it is equivariant with respect to some transitive GJ^-action on GJ^ (see 
section for monomial morphisms that are not diagonally monomial morphisms). 
More generally consider a variety (p, vr) : F ^ 5* x G^ over 5* x GJ^ with good 
GJ^-action such that furthermore, the fibers oi p : Y S are G^-invariant and 
TT : y — i> GJ„ is monomial. By elementary linear algebra, there exists a group 
morphism q : such that if we compose the original G^-action on Y with 
g, the morphism vr becomes diagonally monomial for that new action. Furthermore, 

G^' 

the image of {p,7i) : Y ^ S x G^ with the action twisted by g in Var^, , hence 

also its class in _K'o(Varg^Q^ ) and in M-sxc ' ^'^^^ J^o^ depend on g. We denote 
that class by [(p, vr) : Y S x G^^]. Indeed, the first statement amounts to saying 
that for every matrix A in Mr(Z) fl GLr(Q) there exists B in Mr(Z) fl GL.r(Q) such 
that BA is diagonal with coefficients in N>o, and the second one follows from the 
observation that if B' is another such matrix, there exists diagonal matrices G and 
G' with coefficients in N>o such that GB = G'B'. 

More generally if is a constructible subset of Y stable by the GJ^-action, we 
shall call a morphism tt -.W ^ G^ piecewise monomial if there is a finite partition 
of W into locally closed GJ^-invariant subsets on which the restriction of vr is a 
monomial morphism. To such a W endowed with a morphism {p.,tt) : W S x GiJ^ 
such that the fibers oi p -.W ^ S are G!;„-invariant and tt : W ^ GJ^ is piecewise 
monomial, we assign by additivity a class [{p, tt) : W S x GJ^] in A^^ ™Qr • 
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2.8. Rational series. Let A be one of the rings Z[L,L^-'^], Z[L, L^-*-, ( ]^_L-» )i>o], 

-^5xG^ • denote by A[[T]]sr the A-submodule of ^[[T]] generated by 1 and by 

finite products of terms Pe,i{T) = j^j^^, with e in Z and i in N>o- There is a 
unique A-hnear morphism 

(2.8.1) hm : A[[T]],, — > A 
such that 

(2.8.2) lim(nPe„,,(T)) = (-l)l^ 

for every family ((cj, jj))jg/ in Z x N>o, with I finite, maybe empty. 

2.9. Let J be a finite set. We shall consider rational polyhedral convex cones in 
R{.o- By this we mean a convex subset of R^^q defined by a finite number of integral 
linear inequalities of type a > or 6 > 0, and stable by multiphcation by R>o- Let 
A be such a cone in R>o- We denote by A its closure in R>o- 

Let i and u be integral linear forms on Z^ which are positive on A \ {0}. Let us 
consider the series 

(2.9.1) Sa/AT) := Yl T'^''^^-"^''^ 

inZ[L,L-i][[T]]. 

In the special case when A is open in its in linear span and A is generated by 
vectors (ei, . . . , Cm) which are part of a Z-basis of the Z-module Z^, the series SA,e,u 
lies in Z[L, L'^] [[T]]s, and hmr^^ Sa/A^) is equal to (-l)dim(A)_ gy additivity 
with respect to disjoint union of cones with the positivity assumption, one deduces 
that, in general, Sa/,u hes in Z[L, L~-'^][[T]]si. and lim^^oo SA,i,u(T) is equal to x(^)) 
the Euler characteristic with compact supports of A. 

In particular we get the following lemma (compare with Lemma 2.1.5 in ^3] and 
m pp. 1006-1007): 

2.10. Lemma. Let A be a rational polyhedral convex cone in R>g defined by 

(2.10.1) ^aiXj< ^ aiXi, 

ieK iei\K 

with Qi in N and ai > 0, for i in K , and with K and I \ K non empty. If i and v 
are integral linear forms positive on A \ {0}, then limT,_^oo SA/,viT) ~ ^- '-' 

3. MOTIVIC VANISHING CYCLES 

3.1. Arc spaces. We denote as usual by £„(X) the space of arcs of order n, also 
known as the n-th jet space on X. It is a fc-scheme whose ii"-points, for K a field 
containing /c, is the set of morphisms : Spec -ft'[t]/t""'"^ — > X. There are canonical 
morphisms £„+i(X) £„(X) which are A^-bundles when X is smooth of pure 
dimension d. The arc space C{X) is defined as the projective limit of this system. 
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We denote by 7r„ : C{X) — > £„(X) the canonical morphism. There is a canonical 
Gm-action on £„(X) and on C{X) given by a ■ ip{t) = {p{at). 

For an element (f in K[[t]] or in K[t\/t^^^, we denote by ord((<y9) the valuation of 
(fi and by ac((/9) its first non zero coefficient, with the convention ac(0) = 0. 

3.2. Motivic zeta function and Motivic Milnor fiber. Let us start by recalling 
some basic constructions introduced by Denef and Loeser in P and [Sj. 

Let X be a smooth variety over k of pure dimension d and g : X ^ A^. We set 
Xo{g) for the zero locus of g, and consider, for n > 1, the variety 

(3.2.1) Xnig) := G Cn{X) I ordt(7(v^) = '^j- 

Note that Xn{g) is invariant by the Gm-action on £„(X). Furthermore g induces 
a morphism gn : Xn{g) Gm, assigning to a point ip in £„(X) the coefficient 
ac{g{(f)) of t" in g{(f), which we shall also denote by a:c{g){(f). This morphism 
is diagonally monomial of weight n with respect to the Gm-action on Xn{g) since 
gn{a ■ (f) = a"-gn{^), so we can consider the class [.%'„((/)] of Xn{g) in -M^^^^^^f^^. 
We now consider the motivic zeta function 

(3.2.2) Z,(T):=5^[A'„((7)]L-"'^T" 

n>l 

in ■^Xol.)xG„[[^]]- Note that = if = on X. 

Denef and Loeser showed in j3] and [H] (see also P) that Zg{T) is a rational series 
by giving a formula for Zg{T) in terms of a resolution of /. 

3.3. Resolutions. Let us introduce some notation and terminology. Let X be a 
smooth variety of pure dimension d and let Z a closed subset of X of codimension 
everywhere > 1. By a log-resolution h : Y ^ X of {X,Z), we mean a proper 
morphism h : Y ^ X with Y smooth such that the restriction of h : Y \ h~^{Z) 

X \ Z is an isomorphism, and h~^{Z) is a divisor with normal crossings. We denote 
hj Ei, i in A, the set of irreducible components of the divisor h~^{Z). For I G A, 
we set 

(3.3.1) Ej:=f]Ei 

i€l 

and 

(3.3.2) E°:=Ej\[jE^. 

We denote by the normal bundle of Ei in F, by vj^^ the fiber product, for J 
contained in /, of the restrictions to Ei of the bundles ve^ , i in J, and by vr/ : z/^^ — > 
Ej the canonical projections. For any of these vector bundles u we will denote by V 
the projective bundle associated to the sum of u with the trivial line bundle. 

We will denote by f/^;. the complement of the zero section in z/^. and by Uj (resp. 
U^^) the fiber product, for J contained in /, of the restrictions of the spaces Ue,, i 
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in J, to (resp. Ej). We will still denote by tt/ the induced projection from Uj 
(resp. C/gJ onto E°j (resp. Ej). 

When J = I we will simply write (resp. Vej, tt/, Uj, Ue,) for v^^^ (resp. I^^^, 

If T is a sheaf of ideals defining a closed subscheme Z and h~^{X)OY is locally 
principal, we define Ni{I), the multiplicity of I along E^, by the equality of divisors 



(3.3.3) h-'{Z)^J2^i(^)^i- 

If I is principal generated by a function g( we write Ni{g) for Ni(I). Similarly, we 
define integers z/j by the equality of divisors 

(3.3.4) Ky = h*Kx + Y^i^i - 1)^- 

ieA 

Let Xi and X2 be two sheaves of ideals on X whose associated reduced closed 
subschemes Zi and Z2 have codimension at least one. Let h : Y ^ X he a log- 
resolution of {X,Zi U Z2) such that h*{Ii) and h*{l2) are locally principal. Then 

we set 

(3.3.5) lh{Ii,l2):= sup 
If X is a closed point of Z2, we set 

(3.3.6) lh,x{^i,^2) = sup TT©, 

with A-r the set of i in A such that |/i"^(x)|n£'i 7^ 0. Finally we define 7 (Xi,J2), resp. 
7-r(Xi,X2) as the infimum of all 7/i(Xi,X2), resp. 7fe^-r(Xi,X2), for h a log-resolution of 
{X, Zi U Z2) such that h*{Ii) and h*{l2) are locally principal. 

3.4. Let ghe a function on a smooth variety X of pure dimension d. Assume -'^o(fl') 
is nowhere dense in X. Let F a reduced divisor containing Xo{g) and let h : Y ^ X 
he a log- resolution of {X, F). We fix / such that there exists i in / with Ni{g) > 0. 
Let us explain how g induces a morphism gi ■ Uj ^ G^. Note that the function 
g o h induces a function 

(3.4.1) (2)-r^'i^.— A^- 

We define gj : vei as the composition of this last function with the natural 

morphism pei — >■ ^iGi^E!^^^^\Ei, sending (y^) to ^yf^^^^K We still denote by gi the 
induced morphism from Uj (resp. Uej) to (resp. A^). 

We view Ui as a variety over Xo^g) x Gm via the morphism (/iott/, gi). The group 
G^ has a natural action on each t/fi., so the diagonal action induces a G^-action 
on Ur- Furthermore, the morphism gr is monomial, so Ur — > -'^0(5') x G^ has a class 
in A^x^p)xG„, which we will denote by [C//]. 
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3.5. The morphism gj may be described in terms of the following variant of the 
deformation to the normal cone to Ej in Y, cf. ^2)- We consider the affine space 

= Spec k[ui]i^j and the subsheaf 

(3.5.1) Aj := Yl ^yxAi ( ) n^^""' 

of ^YxAl [^7'^]iei- It is a sheaf of rings and we set CYj := SpecAj. The natural 
inclusion Oy^Al ~^ -^i induces a morphism vr : CYj ^ Y x A^, hence a morphism 
p : CYj Al- The ring Ai being a graded subring of the ring Cy [wj, we 
consider the corresponding G^-action aj on CF/, leaving sections of Oy invariant 
and acting by (Aj,Mj) i— Aj~^Mj on Uj. We may then identify equivariantly uej with 
the fiber p~^(0). The image by the inclusion Oyxa{ ~^ -^i of the function (70/1 

is divisible by Yli^juf'^^^ in Ai, so we may consider the quotient gi in The 
restriction of gj to the fiber p~^{0) ~ i/g^ is nothing else than gj. As g may vanish 
only on the divisors Ei, i in A, the function ^f/ does not vanish on Uj and induces a 
monomial morphism gj : Uj — > G^- 

Let us note the following "transitivity" property. If we write / as a disjoint union 
K L\ J, one notices that p~^(0 x G;^) is equivariantly isomorphic to uej^ x G;^. 
Hence, restricting p : CYj A^ to p~^{0 x A^), the function g^ : Uj 1 — > G^ can 
be obtained from gx by the same process as we obtained it from g, replacing Y by 
uej^, / by J and ghy gx- i^Ek — ^ ^l- 

3.6. We now assume that F = Xo{g), that is h : Y ^ X is a. log-resolution of 
{X,Xo{g)). In this case, h induces a bijection between C(Y) \ C{\h~^{Xo{g))\) and 
£(X) \ £(Xo((y')). One deduces by using the change of variable formula, in a way 
completely similar to and the equality 

(3.6.1) Z,(T)= Elt^^in r-«.JL-.-l 

in -^Soi.)xGjm]- 

In particular, the function Zg{T) is rational and belongs to -^X(^g)xG,„ [[-^llsr; 
with the notation of 12.81 hence we can consider lim7-,_^oo Zg{T) in -^X(^g)xG • 
We set 

(3.6.2) Sg := - lim Z„(T), 

Ti— >oo 

which by ()3.6.1|1 may be expressed on a resolution h as 

(3.6.3) Sg = - J2 i-^f^Pi]. 

We shall also consider in this paper the motivic vanishing cycles defined as 

(3.6.4) := {-ir-\Sg - [G„ X Xo{g)]) 
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in A^x^g)xG„i- Here d denotes the dimension of X and x Xo{g) is endowed with 
the standard Gm-action on the first factor and the trivial G^^-action on the second 
factor. 

3.7. A modified zeta function. We now explain how to extend Sg to the whole 
Grothendieck group A^x in such a way that Sg{[X X]) is equal to Sg. A similar 
result has been obtained by F. Bittner in We present here a somewhat different 
approach that avoids the use of the weak factorization Theorem, by constructing 
directly Sg{[Y —>■ X]) for generators of Aix of the form Y ^ X with Y smooth. 

Let X be a smooth variety of pure dimension d and let f/ be a dense open in X. 
Consider again a function g : X ^ A^. We denote by F the closed subset X \ U 
and by Xp the ideal of functions vanishing on F. We start by defining Sg{[U —>■ X]). 

Fix 7 > 1 a positive integer. We will consider the modified zeta function Z''^jj{T) 
defined as follows. For n > 1, we consider the constructible set 

(3.7.1) P^ria^U) := |v9 e C,n{X) I ordi^7(<^) = n, ordi<^*(J^) < 7^}. 

As in 13. 2| we consider the morphism X^"-{g,U) — > Gm induced hj ip ac{g{ip)). 
It is piecewise monomial, so we can consider the class [X^^ig, U)] in -^X(^g)xG„i 
O We set 

(3.7.2) Zl^{T) := J^l^rid, U)] J^-^-^T^ 

n>l 

in A^Xo"(9)xG,J[^]]- Note that for U = X, Zl^{T) is equal to Zg{T) for every 7, 
since in this case, [A't"^(^, U)]L-"''"^ = [A'„(^)]L-""'. Note also that Z^^iT) = if c/ 
is identically zero on X. 

If ^0(5') is nowhere dense in X and h : Y ^ X is a. log- resolution of {X, FUXq ((?)), 
we denote by C the set {i e A \ Ni{g) ^ 0}. 

3.8. Proposition. Let U be a dense open in the smooth variety X of pure dimension 
d with a function g : X ^ A^. There exists 70 such that for every 7 > 70 the series 
Zg jj{T) lies in ■^x^{g)xG„S['^]]sr o-nd limr^oo Zg jj{T) is independent 0/7 > 70. We 
set Sg^u = — limx^oo Zg jj{T) . Furthermore, if X^lg) is nowhere dense in X and 
h : Y ^ X is a log-resolution of {X, F U Xq ((?)), 

(3.8.1) Sg,u = - $^(-1)'" [Ui] = h (5,oM-i(t/)) 

Proof. We may assume XQ{g) is nowhere dense in X. Let h : Y ^ X he a. log- 
resolution of (X, F U Xq ((?)). As in the proof of Theorem 2.4 of we deduce from 
the change of variable formula, or more precisely from Lemma 3.4 in [HI, that 

(3.8.2) Zl^{T) = J2 [Ui] Sj{T) 
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with 

(3.8.3) Si{T) = J2 JJ(T^>(5)l-^>)'=\ 

Assume first that I C C. For 7 > sup^gj ^jj^^, we have kiNiiTp) < 7 kiNi{g) 
for all A;, > 1, i G /. It follows that Si{T) lies in -M^'^^wq [[T]]^r and limr^oo ^/(r) = 



Xo(g)xGm I 

(-1)1^1, as soon as 7 > sup^g^ ^^Jgy^. 

Now assume ^ ^ I\C = K . For 7 > supjg/^^ ^Niji) ' ^^^^ points 

with coordinates in N>o of the cone A/ in R^q defined by the single inequality 

(3.8.4) '^aiXi< ajXi, 

i&K i&I\K 

with Qi in N and > 0, for i in i^. Note that both K and I \ K are non empty. 
It follows from Lemma [2.101 that in this case Sj{T) lies in -^x^g)xG™ 
limT^oo Si{T) = 0. The statement we have to prove then holds if we set 70 = 
supjgc- ^N\g) ~ lh{1^F, (g))- Note that since this holds for any h, we could also take 
7o = 7(Xf,%)). □ 

3.9. Theorem (Extension to the Grothendieck group). Let X be a variety with a 
function g : X A^. There exists a unique M-k-linear group morphism 

(3-9.1) '5,:A^x— -M5;(,),g. 

such that, for every proper morphism p : Z ^ X , with Z smooth, and every dense 
open subset U in Z , 

(3.9.2) Sg{[U ^X])=p,{Sgor,,u). 

Proof. Since -K'o(Varx) is generated by classes \U X] with U smooth connected 
and every such U ^ X may be embedded in a proper morphism Z ^ X with Z 
smooth and U dense in Z, uniqueness is clear. For existence let us first note that 
if we define Sg{\U X]) = Sg{[U]) by the right hand side of ()3.9.2|) . the result is 
independent from the choice of the embedding in a proper morphism p : Z ^ X. 
Indeed, this is clear if op vanishes identically on U, so we may assume {g o p)~^{0) 
is of codimension > 0. In this case, if we have another such morphism p' : Z' X, 
there exists a smooth variety W with proper morphisms h : W Z and h' : 
W Z\ such that p oh = p' oh! and h and h! are respectively log-resolutions of 
(Z, (Z\f/)U(^op)-i(0)) and (Z', (Z'\f/)U(^op')-i(0)), so the statement follows 

from (nmii . 

Let us now prove the following additivity statement: if k : f/ ^ X is a morphism 
with f/ smooth and is a smooth closed subset of f/, then 

(3.9.3) Sg{\V ^ X]) = Sg{^ ^X\)^Sg{\U\W X\). 

We may assume f/ and W are connected and V \ W ys, dense in JJ . The result 
being trivial \i g o k vanishes identically, we may assume this is not the case. By 
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Hironaka's strong resolution of singularities, we may embed ?7 in a smooth variety 
Z with p : Z — X a proper morphism extending k such that Z \ f/ is a normal 
crossings divisor and the closure W oiW m. Z vs, smooth. Again by Hironaka's 
strong resolution of singularities, there exists a log-resolution h : Z ^ Z oi {Z, {Z \ 
U) U {g o p)~^[0)) such that the closure W of h~^{W) in Z is smooth and intersects 
the divisor D := h'^{{Z \ U)U [g o p)~^{0)) transversally. We denote by Ei, i in A, 
the irreducible components of the divisor D and use the notations of 13.31 It follows 
from the definition and (j3.8.H) that 

(3.9.4) S,{[U^X]) = -J2i-^f^[Ui], 

IQC 

in -^X(^c,)xG„- Note that if W is contained in {g o p)^^{0), the above discussion still 
holds for U replaced hy U\W, so we have Sg{[U ^ X]) = Sg{[{U \W) ^ X]), and 
(nnO|l follows, since Sg{[W ^ X]) = in this case. 

Now we assume W is not contained in [g o p)~^(0). Note that the morphism : 
W ^ W induced by /i is a log- resolution of {W, {W\W)U{gop)^(^0)). Furthermore 
the irreducible components of the normal crossings divisor h^'^ ({W\W)U{gop)'^(^0)) 

are exactly those amongst the Ei ClW which are non empty. Hence, denoting by 
Ui\E°nw restriction of the bundle Uj to Ej fl W, it follows from the definition 
and (jHXT]) that 

(3.9.5) Sg{[W - X]) = - J](-l)'^' [Ui\j,.nw]^ 

ICC 

in -^x^g)xG„- consider the blowing up h' : Z' ^ Z of Z along W. 

The exceptional divisor W of W is smooth. Furthermore h o h' : Z' ^ Z is a 
log-resolution of {Z, {Z \ {U \ W)) U {g o p)-\0)), and D' := {h o h')-\{Z \ {U \ 
W)) U {g op)~^(0)) is a normal crossings divisor whose irreducible components are 
the strict transforms E^ of Ei in Z', i in A together with W. We set A' := AU {0} 
and Eq := W in order to use the notations of 13. 31 in this setting, adding everywhere 
' as an exponent. Again, it follows from the definition and 1)3.8.111 that 

(3.9.6) Sg{[{U \W)^X]) = -Y, (-1)'" [U'li 

/cC 

in A^X(^g)xG ' "where C = {i E A'\Ni[g o p o h o h') ^ 0}. The hypothesis made on 
W insures that C = C. So it is enough to prove that for / non empty and contained 
in C, 

(3.9.7) [Uj] = [Uj\^.^^] + [U'j] 
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in -^Xc^g)xGm' which follows from the fact that the restriction f/jl^o^^^op^) of the 

bundle Uj to E] \ {E] f] W) and the bundle Uj have the same class in -^xr(g)xG™' 
since h' is an isomorphism outside W. This concludes the proof of 

Let again U X he in Var^ with U smooth and connected. Let be a smooth 
proper variety over k. Note that 

(3.9.8) Sg{[W xU^X]) = [W] Sg{[U ^ X]) 

in -^x,^g)xG,„- Indeed, let us embed U X in p : Z ^ X with Z smooth 
and proper and U dense in Z. We may assume g o p is not identically zero. If 
h:Y^Zisa log-resolution of (Z, {Z\U)U{go p)~^(0)), then W xU ^ X may 
be embedded in W x Z X , id x h : WxY-^WxZ is a log-resolution of 
{W X Z, {{ W xZ)\{Wx U)) U{Wx gop)~\0)), hence (HnH^ follow s from (HDnil 
and (j3.9.2|) . By the additivity statement we already proved, relation (j3.9.8|) in fact 
holds for every variety W over k, so our construction of Sg may be extended uniquely 
by fc-linearity to a A^^-linear group morphism Aix ^ ■^Xo(g)xG ' which finishes 
the proof. □ 

3.10. The equivariant setting. Let X be a variety with a function g : X —>■ A^. 
By Theorem 13.91 there is a canonical morphism 

(3-10.1) '5,:A<x^-MS:(,)xo„- 

We want to lift this morphism to a morphism, still denoted by Sg, 
(3.10.2) Sg : -M5xG'- — ' _A/f<^^xG- 



Xo(g)xG^xG™ 



such that the diagram 



(3-10.3) -^Sg^— -^Xo1;)Sg^xg. 



Mx ^■^Xo1.)xG™ 

is commutative, the vertical arrows being given by forgetting the GJ^-action and 
taking the fiber over 1 in G^. 

Let us start with some basic facts we shall use without further mention. We fix 
the variety X which we shall consider as endowed with the trivial GJ„-action. Let 
Z be a smooth variety of pure dimension d endowed with a good GJ^-action and 
an equivariant morphism p : Z ^ X. The induced action on the affine bundles 
Cn+i{Z) Cn{Z) is affine. In particular, by relation ()2.3.2|) . [Cn+i{Z) ^ X] = 
L'^[/:„(Z) ^ X] in Mx'^Gr ■ Similarly, ii h : Y ^ Z is a proper birational G^- 
equivariant morphism with Y smooth with a good GJ„-action, the fibrations occuring 
in Lemma 3.4 of [H] are (piecewise) affine bundles and the induced G^-action is 
affine, hence, by relation ()2.3.2|) . one does not see the action on the fibers in the 
Grothendieck ring A^xxG'^ • 
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We now assume X is endowed with a morphism g : X ^ and that Z is 
endowed with a monomial morphism f = (/i, . . . , /r) : Z ^ G^^ such that (p, f) : 
Z X X is proper. We consider an open dense subset U of Z stable under the 
GJ„-action. Similarly as in ()3.7.H) . we set 

(3.10.4) Xri9op,U) := [if E C^^iZ) | oidtig o p){ip) = ^, ordi(^*(J^) < 7^}, 

with F := Z \ U . The G]!„-action on Z induces a G]!„-action on XX^{g o p, U) via 
its induced action on the arc space. On the other side, the standard G^-action on 

arcs 

(3.10.5) {X- ip){t) := ip{\t) 

induces a G^-action on X^'^ig o p^U). In this way we get a x G^-action on 
XX^{g op^U). The morphism 

(3.10.6) (f o TTo, ac((7 op)): X^^Q op,U)^G'^x G„ 

is piecewise monomial, hence, proceeding as in 12.71 we may assign to 

(3.10.7) xr{gop,U)—^Xo{g) xG^;^xG^ 

a class [Xrig o p, U)] in -M J„^;)?Sj;.xG„- 

Similarly as in ()3.7.2|) . we consider the corresponding series 

(3.10.8) Z]^^^^{T) :=J2[^n9op,U)]L-^-'T- 



n>l 



Proceeding as in the proof of Proposition 13.81 one proves that there exists a 70 
such that for every 7 > 70 the series Zg^p jj{T) belongs to ■M'^^^^-^'^r xG^tt-^]]'^'' 
that limT^oo Zg^pjjiT) is independent of 7 > 70. Indeed, we may assume that the 
zero locus Zo^gop) oi gop is nowhere dense in Z and in this case we now use a GJ^- 
equivariant log-resolution of (Z, [Z\U)U ZQ{g op)) . (For the existence of equivariant 
resolutions, see yLQj HH [2H] Ei-) We now define Sgop,u in -^X(^{g)SG^xG„, 

- limr^oo ^Jop,c/(^) for 7 > 7o- 

Still assuming Zo((? o p) is nowhere dense m Z , lei h : Y ^ Z be such a G^- 
equivariant log-resolution. We shall use again the notations introduced in 13.31 By 
connectedness of GJ„, the G^-action on Z induces the trivial action on the set of 
strata E°j, for I subset of A. The G]!„-action on Y induces an action on the normal 
bundles to the divisors Ei, for i m A, hence on Uj, for / subset of A. We also 
consider the G^-action on f// which is the diagonal action induced by the canonical 
G^-action on [//. In this way we get a GJ^ x G^-action on Ui. Furthermore, with 
the notation of 13. 4t the morphisms f and g induce morphisms : Uj ^ G^ and 
gi : Uj Gm- Note that the morphism {ii,gi) : f// — > G^ x Gm is monomial with 
respect to the G"^ x G^-action, since gi is invariant by the G^-action and monomial 
with respect to the G^-action and the morphism fj : Ui ^ GJ^ is induced from f 



ITERATED VANISHING CYCLES 



15 



via the projection Uj Z. We can then consider the class [Uj] in ■M.x^{g)xG'- xG™ 
of the morphism 

(3.10.9) (poho nj, f,, gj) : Uj — . Xoig) x G'^ x G„. 
Similarly as in Proposition 13.81 we get that the equality 

(3.10.10) Sgop,u= Yl 

holds mA^J^^^)^-.^,^^. 

3.11. Remark. When r = 0, what is denoted here by [X^"'{g op, U)], Z^^^jjiT) and 
Sgop,u corresponds to what was denoted by p\{\X2'^{g op, [/)]), p\[Z'^^pjj{T)) and 
V\{.Sgop,u) in the non equivariant setting. This slight conflict of notation should lead 
to no confusion. 

We can now state the following equivariant analogue of Theorem 13.91 

3.12. Theorem. Let X he a variety with a function g : X ^ A\. We consider 
X endowed with the trivial G^^-action. There exists a unique M-k-linear group 
morphism 

(3-12.1) S.-.Mfi^^^-^M'Z^^^Zr^^^^ 

such that, for every smooth variety Z with good G^^-action, endowed with an equi- 
variant morphism p : Z X and a monomial morphism f : Z — > G"^ such that the 
morphism {p,i) : Z ^ X x G^^ is proper, and for every open dense subset U of Z 
which is stable under the G^-action 

(3.12.2) S,{[U ^ X X G^;,]) = S,.,,u 

Proof. Let us denote by KQiVaixxG'- ) the Grothendieck ring defined similarly as 
ii'o(Var^™Qr ), but without relation (j2.3.2j) . Let ?7 be a smooth variety over k with 
a good GJ„-action endowed with an equivariant morphism k : U ^ X, and with 
a monomial morphism fu : U —>■ G^. Note that U may be embedded equivari- 
antly as an open dense subset of a smooth variety Z with good G^-action, endowed 
with an equivariant morphism p : Z —>■ X extending k and a monomial morphism 
f : Z — >• GJ^ extending f[/, such that (p, f) : Z ^ X x GJ^ is proper. Indeed, using 
the equivalence of categories of Proposition 12.61 and 12. 7( it is enough to know that 
every smooth variety Uq endowed with a good /i^'-action and with an equivariant 
morphism ko : Uq ^ X, with X endowed with the trivial /t^-action, may be em- 
bedded equivariantly as an open dense subset in a smooth variety Zo with good 
//''-action, endowed with a proper equivariant morphism Zq ^ X extending kq, 
which follows from the appendix of and also from Sumihiro's equivariant com- 
pletion result j2n|- Hence we can proceed exactly like in the proof of Theorem 13.91 
in an equivariant way, getting existence and unicity of a i^'o(Varfc) -linear morphism 

(3.12.3) S, : i^^(VarS^ J -^^ol^j^S^xG. 
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such that, for every smooth variety Z with good G^-action, endowed with an equi- 
variant morphism "p : Z ^ X and a monomial morphism f : Z ^ GJ^ such that 
(p, f ) : Z — > X X GJ„ is proper and for every open dense subset U oi Z which is 
stable under the GJ^-action 

(3.12.4) 53([f/^XxGj)=5gop,[/ 

in A/f*^™^^'" 

-''^'Xo{s)xG^xG„- 

Let us now prove the compatibility of the morphism Sg with the additional rela- 
tion ()2.3.2j) . Let [/ be a smooth variety over k endowed with a good G^-action, with 
an equivariant morphism k : U ^ X, and with a monomial morphism ijj : U ^ G^. 
Let g : i? f/ be an affine bundle everywhere of rank s with a good affine G^- 
action over the action on U . We claim that U may be embedded equivariantly as 
an open dense subset in a smooth variety Z with good G^-action, endowed with 
an equivariant morphism p : Z ^ X extending k and with a monomial morphism 
f : Z — > GJ„ extending fjy, such that (p, f ) : Z ^ X x GJ^ is proper and such that, 
furthermore, the affine bundle B with its affine G^-action extends to an affine bun- 
dle B ^ Z with an affine G^-action over the action on Z extending the previous 
one. Indeed, this follows, using again the equivalence of categories of Proposition 
12.61 and 12.71 from Lemma 13.141 To prove that Sg{\B ^ X x G^] ) does not depend 
on the affine G^-action on B over the action on f/, it is enough to check that 

(3.12.5) Sg{\B ^ X X GU) = L^5,([f/ ^ X x G^;,]). 

We may assume {g o p)~^(0) is nowhere dense in Z. Let h : Y Z he & GJ^-log- 
resolution of (Z, {Z \ U) U {g o p)~^(0). We denote by Ei, i in A, the irreducible 
components of h^^{{Z \ U) U {g op)^^(O)) and it follows from (|3.1(J.1(J|) that, with 
the notations of 13. 31 and 13.101 

(3.12.6) Sg{[U - X X GJ) = - Yl 

in ■M.'x^(^g)^G'- xGm^ consider the projective bundle X : Z' ^ Z on Z , which 

is the relative projective completion of the bundle B. In particular Z' is endowed 
with a (projective) GJ„-action. We consider the pull-back F' ^ F of the bundle 
Z' along the morphism h. We get a proper morphism h' : Y' Z' which is an 
equivariant log-resolution of {Z', iZ' \ B) U {g o p o A)~^(0)). The set of irreducible 
components of h'~^{{Z' \ B)U {g opo A)^^(O)) consists of the restriction E'- of Y' to 
Ei, for i in A, together with Hoo, the divisor at infinity of the projective bundle Y'. 
We set A' := AU {0} and Eq := Hoc in order to use the notations of 13. 31 and 13. 101 in 
this setting, adding everywhere ' as an exponent. In particular for every non empty 
subset I of C, we denote by Uj the corresponding variety with G^^ x Gm-action 
and with a monomial morphism (f/,5'/) : U'j GJ^ x G^. Since g o p o X is not 
identically zero on Hoc, we have C = C. It follows again from ()3.10.10|) that 

(3.12.7) Sg{[B X X GJ) = - J2 i-^nU'i] 
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in ■Mx^{g)xG^ xG„^- remark that the natural morphism pi : Uj ^ Uj is an affine 
bundle of rank s, with an affine GJ^ x Gm-action over the one on Uj. Furthermore, 
the monomial morphism Uj G^^ x G^ is the composition of the monomial mor- 
phism Ui^G';^x Gm with Pi. One deduces that [U'j] = L' [Uj] in A^J^^^j^S- xg„ 
and (jTTTK|l follows. 

One then extends Sg by TWfc-linearity to a TWfe-linear group morphism 

(3-12.8) Sg : -MSS^xO™ 

similarly as in the non equivariant case. □ 

3.13. Remark. It follows from our constructions that the morphism S^"^ : Aix 
■Mxo(g) deduced from 1)3.12.11) via the canonical isomorphism ()2.6.3|) is compatible 
with the one constructed by Bittner in [Hj, modulo the fact that our additional 
relation is finer than hers. Indeed, they are easily checked to coincide on classes 
of /i'^-equivariant morphisms Z —y X with Z smooth and proper. Note also that 
diagram 13. 10. 31 is indeed commutative, by construction. 

3.14. Lemma. Let n be in ^^q. Let X be a k-variety with trivial fin-action and let U 
be a smooth variety with a good fi^-o^ction and an equivariant morphism k : f/ — > X. 
Consider an affine bundle B —>■ U with a good affine fin-action over the action on 
U . Then there exists an equivariant embedding ofU as a dense open set in a smooth 
variety Z with good fin-action such that k, extends to a proper equivariant morphism 
p : Z ^ X and the affine bundle B with its affine fin-action extends to an affine 
bundle B on Z with an affine fin-action over the action on Z extending the previous 
one. 

Proof. Set G = fin and embed U equivariantly in V with a good G-action with 
V ^ X proper equivariant extending n. The affine bundle B ^ U corresponds to 
an exact sequence of vector bundles 

(3.14.1) — >E — >F — >Ou — ^0 

on U , such that the sheaf of local sections of the affine bundle is the preimage of 1 
in F . The action of G on f/ gives a G-action on the exact sequence ()3.14.1|) . (By a 
G-action on an (^(/-module F, we mean an isomorphism a*F — ^ p*F satisfying the 
cocycle condition, with a : G xU ^ U the action and p : G x U ^ U the projection 
on the second factor.) By blowing up the coherent ideal definining V \ U with the 
reduced structure we reduce to the case where the inclusion j : t/ — > V is affine. By 
applying to the exact sequence (|3.14.1|) and pulling back along Oy j*Ou, we 
extend ()3.14.1|) to an exact sequence of quasi- coherent sheaves with G-action on V: 



(3.14.2) — >E' — > F' — >Ov — > 0. 

Let us note that F' is the direct limit of its G-invariant coherent subsheaves. Indeed, 
this follows from Proposition 15.4 of |15J, since (quasi-) coherent sheaves on the 
quotient stack [l^/G] correspond to (quasi-) coherent sheaves with G-action on V. 
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It follows we may assume the sheaves in ()3.14.2|1 are coherent. By restricting to 
a G-stable union of connected components of U, we may also assume the vector 
bundle E is of constant rank s on U. Let q : Z V he obtained by taking an 
equivariant resolution of the blow up of the s-th Fitting ideal Eg of E', which is also 
the s + 1-th Fitting ideal F5+1 of E'. Applying q* to ()3.14.2p and modding out by 
torsion, we get an exact sequence of coherent sheaves with G-action 

(3.14.3) — > E — >F — >Oz — ^0 

on Z. Let us note that E and E are in fact locally free. Indeed, Z being normal, E 
and E are locally free outside a closed subvariety of codimension at least 2, but, by 
construction, the Fitting ideals Es{E) and Es^i{E) are invertible, hence they should 
be equal to Oz- The preimage of 1 in F is the sheaf of local sections of an afiine 
bundle with G-action B on Z satisfying the required properties. □ 

3.15. Remark. The above proof of Lemma f3. 141 was explained to us by Ofer Gabber 
and works in fact for any linear algebraic group G over k. See also Lemma 7.4 of 
121 for a similar, but different, extension lemma. 

3.16. Compatibility with Hodge realization. We suppose here that k = C. If 
X is a complex algebraic variety, we denote by MHMx the category of mixed Hodge 
modules on X, as defined in [201 • We denote by Kq(MBMx) the corresponding 
Grothendieck ring. By addivity, there is a unique TW^-linear morphism 

(3.16.1) H : Mx — > KoiMRMx) 

such that, for any p : Z ^ X with Z smooth, H{[Z]) is the class of the full direct 
image with compact supports Rp\{Clz) in KoiMHMx) , with Qz the trivial Hodge 
module on Z. Here we consider Ko(MB.Mx) as a A^fc-module via its J<'o(MHMspecc)- 
module structure and the Hodge realization map H : JUk — >■ -K'o(MHMspecc)- Note 
that H(L) = [Qx(— 1)]. If fin = /^m x ■ ■ ■ x acts on Z, we may consider the auto- 
morphisms Ti, . . . , Tr on the cohomology objects K^pii^Qz) associated respectively 
to the action of the element with j-component exp{2ni/nj) and other components 
1. If we denote by MHM^j^^°^ the category of mixed Hodge modules on X with r 
commuting automorphism of finite order, we get in this way a morphism 

(3.16.2) H : M'^x — > Ko{MEM'x''"°'") ■ 

(That the morphism H is compatible with the additional relation (j2.2.H) . follows 
from the fact that for every affine bundle p : A Y of rank s with an affine 
/in-action above a /in-action action on Y, there is a canonical equivariant isomor- 
phism i?p!(QA)[2s](s) ~ Qy.) If (7 : X — >• is a function, there is a nearby 
cycle functor ipg : MHMx MHM^""^), cf. 120] EH, which induces a morphism 
ijjg : Ko{MRMx) Ko{MEMx°fg)) . By functoriality the construction extends to 
morphisms ^Jg : KoiMRW^'^'"') Ko{MRW+\-J^°'') . 
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3.17. Proposition. For every r > 0, with the notations from B.em.ark the 
diagram 



(3.17.1) 



H 



CM 
■^9 



H 



Ko{MBM 



r~mon\ 
X ) 



'^0(9) 



is commutative. 



Proof. It is enough to prove that H{S^\[Z X])) = ipg{H{[Z X])) for p : 
Z —>■ X proper and Z smooth with /i^-action. We can further reduce to the case 
{g op)~^(0) is a divisor with normal crossings stable by the /i^-action. In that case, 
when r = 0, the statement is proved in |5j Theorem 4.2.1 and Proposition 4.2.3, in 
a somewhat different language, when X is a point, but the proof carries over with 
no change to general X. Since the constructions in loc. cit. may be performed in 
an equivariant way in the case of a /i^-action, the proof extends directly to the case 
r > 0. □ 



4. Iterated vanishing cycles 

4.1. Let X be a variety endowed with the trivial G]!„-action and with a function 
g : X A^. Let U he a smooth /c- variety of pure dimension d with good GJ^- 
action endowed with an equivariant morphism k : U X and with a monomial 
morphism f = (/i, . . . , /r) : f/ — > G^. Let f/ — > F be an equivariant embedding as a 
dense open subset of a smooth variety Y with a good G^-action and with a proper 
equivariant morphism p : Y ^ X. We assume {g o k)~^{0) is nowhere dense in U. 
Let h : W Y he a G^-equivariant log-resolution of (Y, (Y \U) U {g o p)^^(O)). 
We shall now explain how to compute Sg{[U X x G^]) in terms of W. Note that 
the present set-up is different from the one in Theorem 13.121 

We denote by Ei, i in A, the irreducible components of h^^{(Y\U) U{gop)^^(^0)). 
We shall use again the notation 13.31 and 13.101 whenever possible. Let us assume 
/ n C 7^ 0. We can still consider the spaces Uj and the corresponding monomial 
morphism gj : Ui ^ Gm- We denote hj h' : U' U the preimage of U in W 
and we set F := W \ U' . The morphism f : f/ — ^ G^ extends to a rational map 
f : Y --^ (PkY- Furthermore, for i in A, there exists integers Ni{fj) in Z, such 

that locally on W, each component fjokoffok may be written as u YlieA^i^'^'^^^ 
with u a unit, Xi a local equation of E^. Similarly as what we did for gi, for every 
j, 1 < j < r, we may define a rational map fjj : ---> P^, replacing Ni{g) by 
Ni{fj), and we still denote by fjj the induced morphism from Uj to G^- Finally we 
get a morphism : Uj ^ GJ^ which is monomial for the G^-action by Lemma [4.21 
Similarly as we already observed in 13.1U1 this is enough to get that the morphism 
{ii,gi) : Uj GJ^ X Gm. is monomial for the G^ x Gm-action. We then denote by 
[Ui] the corresponding class in ■M.^"}^)^Qr xg ■ 
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4.2. Lemma. Let W be a smooth variety with a good G'^-action and let U be a dense 
open stable by the G^-action. We assume F := W \ U is a divisor with normal 
crossings and we denote by Ei, i in A, its irreducible components. We consider a 
monomial morphism f = (/i, . . . , fr) : U and we denote by f : W (P^)^ 
its extension as a rational map. For any non empty subset I of A, the morphism 
f/ : f// — > G^^ defined similarly as above is monomial for the G^-action on Uj. 

Proof. Consider the deformation CWj to the normal cone to Ej in W described in 
(JS31)- Hence, CWj := SpecAj with 

(4.2.1) Aj := J2 ^w.Ai ( ^ n 

Letting act trivially on each Ui, the GJ„- action on Ow induces a G^-action 
on Ai and on CWj. For i in A, we denote by Ji the ideal of Ai generated by 
u~^Ow{—Ei), resp. Ow{—Ei), if i G /, resp. i ^ I, and we set J := HiGA^*- 
We denote by CWj the complement in CWj of the closed subset defined by J'. 
The fiber CWj fl p~^{0) may be identified equivariantly with Uj and CWj with 
p-\Gl^) ^ f/ X G^ (letting G;^ act trivially on G^). 

On U X G^ we may consider the function (x, Ui) h-h> fj{x) Hie/'^i Similarly 
as in 13. 51 it extends to a morphism Fj : CWj G^ whose restriction to Uj coincides 
with fjj. Let us consider the morphism F = (Fi, . . . , F^) : CWj — > G^. Since f 
is monomial and G^^ acts trivially on Ui, the restriction of F to the dense open set 
U X G^ is monomial, hence F is monomial and so is its restriction to Uj. □ 

4.3. Let 7 and n be in N>o. We keep the notations from 14. Il In particular F = 
h~^(Y \ U). Let if be in C^n{W) with oidtV*{XF) < jri and OTdtg{(p) = n. Let D 
denote the set consisting of all i in A such that f{0) lies in Ei and consider a local 
equation = of Ei at (p{0). By hypothesis, Xi{ip) is non zero in £^„(A^), so it 
has a well defined order oTdt{xi{(f)) and angular component ac(xj (</))). Writing the 
component fjohoffohasu Ylieo with u a unit at V5(0), we set 



(4.3.1) ordi(/,o/i)(<^) ■.= Y,Ni{f,)oidt{x,{^)) 
and 

(4.3.2) acif,oh)iip) :=n((p(0))nac(x,(v^))^'(^^). 

By abuse of notation, we write (f o h)ip{0) G G^ to mean ordt(/,- o h){(f) = for 
every 1 < j < r. 

Now we consider the constructible set 
(4.3.3) 

Wr := 1^ e C^niW) I oidMy^) = n,OTdt^*{Ip) < 7n, (f o /i)(<^(0)) G G^^}. 

Similarly as the set in ()3.10.4|) . W^" is endowed with a GJ„ x Gm-action and further- 
more the morphism (ac(/j o h),a.c{g)) : W^" ^ G^ x Gm is piecewise monomial. 
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We denote by [W^""] the corresponding class in A^X(^g)xG'- xg^- consider the 

series 



(4.3.4) W^{T) := V [W^l L"^""^ T"" 



n>l 

For / a non empty subset of A, we consider the cone 

(4.3.5) r(/) := {x G R^o | Vj G {1, . . . , r}, x,iV,(/,) = o} 

and we denote by d{I) its dimension. We shall also consider the cone 

(4.3.6) := {x G R^q | $^x,Ar,(Tp) < 7 a;,iV,((7)}. 

i6/ ie/nc 

We denote by A the set of non empty subsets J of A such that r(/) is non empty 
and is contained in for 7^0. 

4.4. Proposition. Let X be a variety with trivial G^-action and with a function 
g : X A^. Let U be a smooth k-variety of pure dimension d with good G^^-action 
endowed with an equivariant morphism k, : U X , and with a monomial morphism 
f = (/i, . . . , fr) : U — > G^. Let U ^ Y be an equivariant embedding as a dense open 
subvariety of a smooth variety Y with good G^^- action and with a proper equivariant 
morphism p : Y X . We assume ((yfo/t)^^(0) is nowhere dense in U. Let h : W ^ 
Y be a G^^- equivariant log-resolution of{Y, {Y\U)U{gop)^^[0)) . There exists 70 such 
that for every 7 > 70 the series W^{T) lies in -^Xo'(c,)xg,„ [[-^llsf ^''^^ ^^^t^oo W'^{T) 
is independent of 'j > 70. Furthermore, if one sets W = —limT^oo W'^{T) , the 
following holds 

{AAA) n; = -^(-l)'^('Mf^/] 

in 

Proof. Similarly as in the proof of Proposition 13.81 we have 

(4.4.2) WiT) = J2 Pi] SjiT) 

ir\C^% 

with 

(4.4.3) Si{T)= JJ(r^'(^)L-i)'=\ 

ker(/)nM^nN^o *g/ 

The proof now goes on as the proof of Proposition EUl with N^^q replaced by r(/) fl 
N^Q. Indeed, note that the linear form Xlie/nc ^i-^iid) positive on \ {0} and 
that A£y is empty if 1(1 C = 0. Assume first / lies in A and inC 7^ 0. Then it follows 
fromOthat limr^oo Si{T) = (-l)'^(^) for 7 > 0. Assume now /nC ^ and / ^ A. 
In this case, necessarily, for 7 > 0, the hyperplane J2i£i kiNiiXp) = 7 J2i£inc ^i^iid) 



/eA 

'x„(g)xG^xG„- 
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has a non empty intersection with r(/). It follows that the Euler characteristic 
x(r(/) n M^) is equal to zero. □ 

4.5. Proposition. Let X be a variety with trivial G\^-action and with a function 
g : X —>■ A].. Let U be a smooth k-variety of pure dimension d with good G^- 
action endowed with an equivariant morphism k, : U ^ X , and with a monomial 
morphism i = {fi, . . . , fr) : U ^ GJ^. Let U ^ Y be an equivariant embedding as a 
dense open subvariety of a smooth variety Y with good G^^^- action and with a proper 
equivariant morphism p : Y X . We assume {g o k)~^{0) is nowhere dense in U. 
Let h : W ^ Y be a G'^^^- equivariant log-resolution of (F, {Y \U) U {g o p)^^ [{])). 
Then, with the previous notation, we have 

(4.5.1) S,{[U^X^G^:j) = - $^(-l)'^(^) [U:] 

in 



I&A 

'Xo(5)xG^xG„- 



Proof. We may reduce to the case where the morphism f : U GJ„ extends to a 
morphism i : Y (PkY- Indeed, there exists an equivariant embedding U Y' 
of U as a dense open subvariety of a smooth variety Y' with a good GJ„-action and 
with a proper equivariant morphism p' : Y' ^ X such that f extends to a morphism 
f : Y' —>■ (PlY- We may furthermore assume there is a GJ^-equivariant proper 
morphism Y' Y which restricts to the identity on U. Let h' : W —>■ Y' he a 
G^-equivariant log-resolution of (Y', (Y' \ U) U {g op')~^(0)). We may also assume 
there is a GJ^-equivariant proper morphism W W such that the diagram 

(4.5.2) W'^^Y' 



W^Y 
is commutative. 

Consider W' defined as W but using W instead of W. Since, temporarily, we 
shall work on W and not on W, we denote by Ei, i in A, the irreducible components 
of h'~^{(Y' \ U) U (g o p')~^(0)), and keep the previous notation, but for W instead 
ofW. We have 

(4.5.3) W = - lim y [Uj]Sj{T), 

inc^o 

while, computing W^lT) on W using the change of variable formula, or more pre- 
cisely Lemma 3.4 in 0, one gets 

(4.5.4) >V = - hm Yl Pi]SiiT) 

inc^o 

with 

(4.5.5) Si{T) = J2 JJ(T^'(9)l-'^»)'=% 

kGr(7)nA/^nN^o iei 
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with rrii > 1. It follows that W" = W, and by Proposition 031 we can assume Y = Y' 
and W = W'. 

Consider Z := (f o h)~^{G^) in W. Note that the image of the morphism 
Z ^ W X given by the inclusion on the first factor and by the restriction of f o /i 
on the second factor is the closure of the image of the inclusion U' W x G^, with 
U' the preimage of U in W. It follows that the morphism (g, f o h\z) : Z ^ X x GJ^ 
given by composition with po h on the first factor is proper. Since Z is smooth and 
the morphism Z ^ X x G^ is proper, it follows from (j3.12.2p that 

(4.5.6) S,{[U ^ X X G:,^]) = S,.,,u' 

in ■Mx^{g)xG^ xGm- ^ot^ ^Iso that, since i : U —>^ G^^ extends to a morphism 
{ : Y ^ (PlY, for a subset J of A with / fl C 7^ 0, r(/) is non empty if and only if 
Ej is contained in (f oh)^^{G^). Furthermore if these conditions hold, r(J) = R>o- 
It follows that A consists exactly of those non empty subsets of C for which Ej is 
contained in (f o h)^^{G^), hence the right hand side of ()4.5.H) may be rewritten 
as 

(4.5.7) - 

E°C(iah)--^(G^) 

and the required equation (|4.5.ip follows now from (j4.5.6p and (|3.1(J.l(Jj) . □ 

4.6. Iterated vanishing cycles. Now we consider a smooth variety X of pure 
dimension d with two functions f : X ^ and g : X ^ A^. The motivic Milnor 
fiber Sf lies in ■Mx^(^f)xGm- ^^^^^ denote by g the function Xo{f) x G^ — > A^, 
obtained by composition of g with the projection Xo(/) x Gm — ^ X. Hence, thanks 
to l3.1Ul we may consider the image 

(4.6.1) S,{Sf) = S,{Sfi[X ^ X])) 

of Sf = Sf{[X —>■ X]) by the nearby cycles morphism 

^^•^•2) ^9 ■ ■^x7if)xG^ ' ■^pc^Af)nXo{9))xGl, 

which lies mA<5r(^)nXo(5))xG|,- 

We shall now give an explicit description of Sg{Sf) in terms of a log- resolution 
h -.Y ^ X of {X,Xo{f) U Xo{g)). We shall denote by Ei, i in A, the irreducible 
components of /i~^(Xo(/) U Xoi^g)) and we shall consider the sets 

(4.6.3) 5=|i N,{f)>0^ and C = |i A/',(c/) > o}. 

Recall, cf. 13.31 that we denoted by ?7/, for J C /, the fiber product of the restrictions 
of the Gm-bundles Ue^, for i in J, to E'^. Assume J := I H C and K := I \ C are 
both non empty. We now consider the fiber product Uk,j '■= Uf x e° Uj which has 
the same underlying variety than Uj. There is a natural G^-action on Uk,j, the 
first, resp. second, Gm-action being the diagonal action on Uf, resp. Uf , and the 
trivial one on the other factor. The morphism {fi,gi) : Uj = Uk,j — ^ G^ being 
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monomial, the morphism {h o ttj, fj, gj) : Uj {Xo{f) fl Xo{g)) x has a class in 

^^^,{f)nXo{9))xGl, that we denote by [Uk,j]. 

4.7. Theorem. With the previous notations, we have 

(4.7.1) S,{Sf)= Yl (-1)'" 



/nC=.J#0 



m .A4(i;;(/)nXo(9))xG2,- 

Proof. Consider the inclusions i : Xo(5') x Gm --^ Xx Gm and j : {X\Xo{g)) x Gm ^ 
X X Gm- Note that 5/ — j\{S(^f^^^^^^^^)) is supported by Xo((y') x Gm, that is, is of 
the form i\{A). Since Y \ Y^^g o h) is a log-resolution of (X \ Xo^g), X^^f) \ X^^g)), 
one deduces from the proof of ()3.6.3|) that 

(4.7.2) Sf-[- J2 (-1)"" PK - Xo(/) X Gj) 

KnC=9 

is supported by Xoi^g) x Gm, hence, since Sg is zero on objects of the form i\{A), 
we deduce that 

(4.7.3) Sg{Sf)=Sg{- J2 (-l)l^'[f^i^-^o(/)xG. 

KnC=0 

if 5^0 

q2 

To conclude it is enough to check the following equality in -^(Xo(/)nXo(5))xG2 ' -^^^^ 
every non empty subset K of A such that K nC = 0: 

(4.7.4) SgipK ^ Xoif) X Gm]) = - Yl i-'^f^pKj]. 

This will follow from Proposition 14.51 Indeed, let us consider the projective bundle 
T^K '■ 't^Ek ~^ with the Gm-action extending the diagonal one on uej^- Let us set 
A' := AU {oo}. The complement of Uk in Ve^^ is a divisor with normal crossings 
whose irreducible components are: 

- the divisors E'j := Tr'^^{EKu{j}), for j ^ K such that Exuij} ^ 

- the divisor at infinity E'^ := Vej^ \ i^Ek 

- the divisors E[, for i in defined as the closure of the fiber product, above 
Ek, of the zero section of ve, with the ve^, i iia K, i ^ i. 

Note that all these divisors are stable by the Gm-action. We shall use the notations 
of 13.31 and 13.101 with an exponent 

We now determine the set A of non empty subsets J' of A' such that r(J') is non 
empty and is contained in for 7^0, with the notation of (j4.3.5p and (j4.3.6|) . 

Note that for r(J') to be non empty it is necessary that if Ni{fx) > (resp. 
Niifx) < 0) for some i in J', then for some i' in J', Nii^fx) < (resp. Ni>{fK) > 0). 
This forces J' to be either of the form J U {cx)} with J fl i? 7^ or of the form J 
with J r\B = ^. In each case, the condition that T{J') is contained in for 7^0 
implies that J G C and furthermore that d{J') = \J\. We deduce that J U {00} 
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belongs to A if and only J {~\B ^ ^ and J G C and that J belongs to A if and only 
Jni? = 0, JcC and J 7^ 0. It follows from Proposition lO that 

(4.7.5) S,{[Uk - Xo(/) X GJ) = - (-1)'" l^'j] " E (-1)'" [^^^uw] 

05^JCC JCC 
jnfl=0 jnBytti 

in A^x^g)^Gr xG,„- conclude it is enough to note that if 7^ J C C and JOB = 0, 
then [U'j] = [Uk'j] and that if J C C and J n ^ we have [Uj^^^y] = [Uk,j]- 

Let us prove the second equality. We consider the image P{Ue^) of Ue^ in 
Pi^Eii) S'lid note that the canonical morphism Uei^ P{Uei^) is a Gm-bundle, 
namely the restriction to Uei^ of the tautological line bundle on P^uek)- We identify 
E'^ := E'^ \ Ujgx-E'- with P(f/£;^). The restriction of the tautological line bundle 
to P{Uei^) is dual to the restriction to E'^ of the normal bundle to E'^ in T'Ek- 
We have now two Gm-bundles on E'^ = P([/e^), namely Uej^ and the restriction, 
we shall denote by U'^, to E'^ of the complement Ue'^ of the zero section in the 
normal bundle i^e'^- Let us denote by U^^ the G^-bundle Uej^ endowed with the 
inverse G^-action. The antipody a : Uej^ —>■ U'^^ whose restriction to the fibers 
is given hy t ^ is an isomorphism of Gm-bundles with G^-action. By the 
above description, U'^ may be identified, as a G^-bundle with G^-action, with the 
G^-bundle UIj^. 

Now consider the function fx on uek- It induces a rational map fx on Vej^- Let us 
check that under the above isomorphism, the restriction fx '■ Uej^ — > A^, composed 
with the automorphism a corresponds to the morphism : U'^ —>■ A], obtained 
from fx by the construction of 14.11 Indeed, let U be an open subset of Ex above 
which the bundle uej^ is trivial, isomorphic to U x Af. Denote by Wi, for i in K, 
the coordinates on A^ . Fix i in K. The restriction of Uej^ to U may be identified, 
equivariantly, with U x P(G^) x Gm by (m, {wi)i(zx) ^ (m, {xi = = Wi), 

where G^ acts trivially on the first two factors and by multiplicative translation 
on the last one, with {xi)i^x\{£} the standard coordinates on P(G^) ~ Gm^^^"^- If 
the restriction of fx to U x is given by v{u) riigx'^^i^S it may be rewritten, 
under the above identification, as v{u)Yl-^j^'^^^^ x^H'^'^k ^\ Composing with the 
antipody a we get the function v{u) Yli^x\{e} x^H~'^ieK which corresponds to the 
restriction of the function on the corresponding open subset. 

If J is a subset of C such that Exuj 7^ 0, it follows from the "transitivity" 
property described in 13.51 that fxuj can be retrieved directly from fx '■ i^e^ — ^ 
and similarly, the rational map fj^^^y can be retrieved directly from the rational 

map (obtained from fx by the construction of 14.11) on i^e'^- It follows that, 
under the isomorphism between Uxuj and U'j^j^^y induced by ip, fxuj corresponds 
to /ju{oo}-'Lhe same argument works for the functions induced by g on U'xuj and 
Uju{oo} (note that in fact Ni{g) = for all i in K and Noo{g) = 0). 

The first equality, which is easier, is checked similarly using Ej = tt^^ (Exuj) and 
the canonical isomorphism of bundles ue'^ — {t^kie'jY {^Ej\Ekuj) ' f*^^ J C C. □ 
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5. Convolution and the main result 

5.1. Convolution. Let us denote by a and h the coordinates on eacli factor of G^. 
Let X be a variety. We denote hy i : Xx (a + 6)~^(0) ^ X x the inclusion of the 
antidiagonal and by j the inclusion of its complement. We consider the morphism 

(5.L1) a + 6 : X X G^\ (a + 6)-^(0) — > X x 

which is the identity on the X-factor and is equal to a + 6 on the G^ \ (o- + ^)^^(O)- 
factor. We denote by pr^ and pr2 the projection of X x Gm x (a + 6)^^(0) on X x Gm 
and X X (a + 6)^^(0), respectively. 

If A is an object in M.xxGl^i the object 

(5.1.2) ml{A) := -{a + + v^l^9A^{A) 

lives in A^xxGm- We now explain how to lift \E'2 to a TVl^-linear group morphism 

Let A be an object in Var^^^z''"'' with class [Al\ in A^xxg"''"''- endowed with a 
G^-action a for which the morphism to G^ is diagonally monomial of weight (n, m). 
We may consider the Gm-action a on A given by 5(A)x = a(A™, A")x. With some 
obvious abuse of notations, (a + 6)!j*([74]) is the class of a + 6 : Aia+b^o ^ X x Gm- 
If we endow A\a+i,^Q with the G^-action induced by 5, the morphism (a + 6) : 
^|a+67^o ^ Gm is diagonally monomial of weight nm, The term pr]^ipr2Z*([yl]) is the 
class of A\a+b=Q X Gm — + X X Gm, the morphism to Gm being the projection on 
the Gm-factor. We endow A\a+b=o x Gm with the Gm-action induced by a on the 
first factor and the action (A, z) i— > A"™'^ on the second factor. Hence we may set 

^TM) = -[a + & : A|,+,^o ^ X X Gm] + [A\a+,=, x Gm ^ X x Gm] in M'^-^Z 
and extend this construction in a unique way to a A^^-linear group morphism 

(5.1.3) : A^f;iir^ ^ -A^x^s:- 

These morphisms being compatible with the morphisms induced by the transition 
morphisms of ()2.5.1|) . we get after passing to the colimit a TVffc-linear group morphism 

(5-1-4) ^s^-^Sg^^-^xxg.- 

Let us now explain the relation of \E's with the convolution product as considered 
in [7j, and [S]. There is a canonical morphism 

(5-1-5) -M^-^^ X ^5-^^ ^ MfZc^i^ 

sending (A, B) to AM B, the fiber product over X of A and B, therefore we may 
define 

(5.1.6) * : A<XXG„ X -^XXG„ -^XXG„ 

by 

(5.1.7) A* B = ^j:{AMB). 
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If S is in Var^", resp. in Var^"^'^", we denote by [S] the corresponding class 
in A^xxGm' ^6sp. in ■M.xZg^ ' ^'^^ isomorphism ()2.6.H|1 . Consider the Fermat 
curves and defined respectively by x" + ?/"■ = 1 and x*^ + = in with 
their standard /i„ x /i„-action. If A is a variety in Var^"^^", we have 

(5.1.8) ^e([^]) = -[i^r x'^"^'^" A] + [Fg" x'^"^'^" A], 

the /i„-action on each term in the right hand side of ()5.1.8|) being the diagonal one. 
In particular, if A and B are two varieties in Var^" , the convolution product [A] * [B] 
is given by 

(5.1.9) [A] * [B] = -[Ff x'^"^'^" {Axx B)] + [F^ x^"^'^" {Axx B)]. 

The convolution product in [1^] and [H] was defined when k contains all roots of 
unity. Since as soon as k contains a n-th root of —1 we have [F^ x'^"^'^" (AxxB)] = 
(L — 1)[{A Xx B)/^n], one gets that the convolution product in jTHI and P, when 
defined, coincides with the one in ()5.1.9|1 . 

5.2. Proposition. The convolution product on -MxxGm ^'^ commutative and asso- 
ciative. The unit element for the convolution product is 1, the class of the identity 
X X Gm X X Gm with the standard Gm- action on the G^-f actor. 

Proof. Commutativity being clear, let us prove the statement concerning associativ- 
ity and unit element. For simplicity of notation we shall assume X is a point and 
we shall first ignore the Gm-actions, that is we shall prove the corresponding state- 
ments for A^Gm- Consider a : A ^ Gm, b : B ^ Gm, c : C ^ Gm- By definition 
the convolution product A* B (with some abuse of notation, we shall denote by the 
same symbol varieties over Gm and their class in Aic,^) is equal to 

(5.2.1) -[a + b:{Ax B)ia+b^o ^ Gm] + [z : (A x B x Gm)\a+b=o ^ G^], 

with z the standard coordinate on Gm- 

Associativity follows from the following claim: {A * B) * C is equal to 

(5.2.2) [a+b+c : {AxBxC)ia+b+c^o ^ Gm]-[z : {AxBxCxGm)\a+b+c=o ^ GJ. 
Indeed, {A* B) * C may be written as a sum of four terms. The first one, 

(5.2.3) [a + b + c: {Ax B X C),a+ Gm] 

may be rewritten as 

(5.2.4) [a + b + c: {Ax B X C)\a+b+c^o ^ Gm] - [c : {A x B x C)\a+b=o G„]. 
The second one, 

(5.2.5) —[z : {Ax B X C X Gm,)|<'+i>+':=o Gm] 

I a+b^O 

may be rewritten as 

(5.2.6) -[Z:{AXBXCX Gm)\a+b+c=0 Gm]- 

The third one 

(5.2.7) -[c + z : {Ax B X C X G„)|a+(,=o Gm] 
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may be rewritten as 

(5.2.8) -[u: {Ax B xC X Gm)r+^-o Gm], 

since the corresponding spaces are isomorphic via (a, /?, 7, z) 1— >• {a, (3,j,u = 0(7) + 
z). Here m is a coordinate on some other copy of Gm- The fourth term, 

(5.2.9) [u : {Ax B X C X Gm X Gm)|a+f>=0 Gm] 

may be rewritten as 

(5.2.10) [u:{AxBxCx Gm)\a+b=o G„]. 

One deduces IKT2^ by summing up ^T^ . (j5T6|l . (j5T8|l . and ()5.2.1();) . 

For the statement concerning the unit element, one writes A * Gm as 

(5.2.11) -[a + z : {Ax Gm)\a+z^o ^ GJ + [n : (A x G„ x Gr„)|a+^=o GJ. 
Since the first term may be rewritten as 

(5.2.12) -[U : {A X Gm)\a^u Gm] 

and the second term as 

(5.2.13) [u:{Ax G„) ^ GJ, 

it follows that A * Gm is equal to (the class of) A in A^g™- The proofs for general 
X are just the same. As for Gm,-actions, since by the very constructions they are 
diagonally monomial of the same weight on each factor, all identifications we made 
are compatible with the Gm-actions, and all statements still hold in A^xxg^- '— ' 

5.3. Remark. Proposition 15. 2^ modulo the isomorphism ()2.(j.3|l . is already stated in 

5.4. In fact, associativity already holds at the \&s-level. To formulate this, we need 
to introduce some more notation. 

Let us denote by a, h and c the coordinates on each factor of G^. For X a variety, 
we denote by i the inclusion X x (a + 6 + c)~^(0) X x G^ and by j the inclusion 
of the complement. We consider the morphism 

(5.4.1) a + h + c : X X Gl^\{a + h + c)~^(0) — > X x Gm 

which is the identity on the X-factor and is equal to a + 6 + c on the G^ \ {a + h + 
c)~^(0)-factor. We denote by pr^^ and prj the projection of X x Gm x (a + 6 + c)^^(0) 
on X X Gm and X x (a + 6 + c)~^(0), respectively. 

q3 

If A is an object in M. vy ; we consider the object 

(5.4.2) *L3(^) ■■= (a + & + c)!j*(A) -pri,pr;r(A), 

in M-xxGrn,- Similarly as in 15.11 we extend ^^123 ^ TVl^-linear group morphism 
^Si23 • -^xxGS ^ -^xxG • denote by Aij the object A viewed as an element 
in A^^™p,2 by forgetting the projection and the action corresponding to the fc-th 
Gm-factor, with {i, j, k} = {1, 2, 3}. The object '^j^{Aij) may now be endowed with 
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a second projection to Gm and a second Gm-action, namely those corresponding to 

q2 

the fc-th Gm-factor, so we get in fact an element in A^Yvr-z we denote by "^-^ (A). 

q3 

5.5. Proposition. Let A he an object in 3 . For every 1 < i < j < 3, we 
have 

(5.5.1) vl/^,,3(A) = vI/s(vl/s,^,(A)). 

Proof. The proof is the same as the one for associativity in Proposition I5.21 Indeed, 
one just has to replace everywhere Ax B x C hj Ain the proof, and to remark that 
()5.2.2|) then becomes nothing else than "^j^-^^si^)- ^ 

5.6. Let us consider again a smooth variety X of pure dimension d with two 
functions / and g from X to A^. Let us denote by ii and 22 the inclusion of 
(Xo(/) n Xo{g)) X G„ in Xo(/) x G„ and Xo{f + g^) x G^, respectively. 

We can now state the main result of this paper. 

5.7. Theorem. Let X he a smooth variety of pure dimension d, and f and g he two 
functions from X to A\. For every N > 7((/), (g)), the equality 

(5.7.1) zt^; - z;^;^^^ = vi/s(v(5;)) 

holds mA<5;;(^)^^^(^)),^^. 

Proof. Let ip be in C{X). A basic observation is that when the inequality ordtfl^p) < 
Nordtgi^p) holds, /(</?) and (/ + g^){ip) have same order ordf and same angular 
coefficient ac. If A is a subset of £„(X), we denote by ^4+, resp. ^4°, the intersection 
of A with the set of arcs in £„(X) such that OTdtf{(p) > Nordtg^ip), resp. OTdtf{(p) = 
NoTdtg{(f). In this way one defines series 

(5.7.2) Z;(T) = 5^[A'+(/)]L-"^T- 

n>l 

and 

(5.7.3) Z'}{T) = J2K{f)]^-'"'T^ 

n>l 

in-Mxo"(/)xG„ [m] and Similarly series Z;^^,(r) andZO^^,(T) in A^J-^^^^^^^^JfT]]. 
It follows from the previous remark that 

(5.7.4) tlZjiT) - V,^.(T) = 2t(Z;(T) + Zj(T)) - tliZ^^^AT) + Z%^AT)), 

where we extend il and to series componentwise. 

Let X be a positive integer. For any integer r, we denote by ttn the morphism 
Xoi^g) X G^^ X Gm Aoi^g) x G^ x Gm mapping (x,/i. A) to (x,/x, A^). Then we 
have 

5.8. Lemma. Given a map g : X — > and the induced nearhy cycles morphism Sg 

from ■M.x^{g)xG'- -^x^3)xg^ xGm' '^^fin, for any positive integer N, the following 
equality holds: 

(5.8.1) SgN = TTiv! o Sg. 
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Proof. Let Z he a smooth variety with good G^-action, endowed with an equivariant 
morphism p : Z —>■ X and a monomial morphism i : Z —> GJ^ such that the 
morphism (p, f ) : Z — > X x GJ^ is proper, and let f/ = Z \ F be an open dense 
subset of Z which is stable under the GJ^-action. For a positive integer 7, with the 
notations of 13.101 let us consider the modified zeta function of g'^ on U 

(5.8.2) Z]^op,uiT) ■■= E l^n^'ig'' ° P, U)] L-^-'^T" 

n>l 

in A^x,^^)^G'- xG„[[-^]]- Since X^'^{g^ op, f/), is empty unless N divides n and 

we get that Z'^^i^^^^{T) is equal to 7rAr!(Zj^ ^^(T^)), the limit of which, as T goes to 
infinity, is equal, for 7 big enough, to 'nN\{Sgop,u)- The result follows from Theorem 

5.9. Lemma. Assume N > 7((/), (g))- 

Then the series i^(Z+^^^(T)) lies m A^§;;(/)nXo(3))xG,J[^]]sr and 

(5.9.1) hm iliZi (T)) = -S,H[Mf)])- 

Proof. Note that X^Kf + g^) is non empty only if n is a multiple of N and that 
(5.9.2) 

the variety on the right hand side being endowed with the morphism to G^ induced 
by cic{g). Summing up, we may write by ()3.7.2j) and the proof of Lemma f5. 81 

(5.9.3) ^/V(^) = ^N^iUT"") - <x\Xo(/)(^''))- 

By Proposition 13.81 and its proof, for N > 7((/), ((7)), the series Z^-^y^-^^^j^-^iT) 
lies in -^x^^jxc^tt-^llsr its limj^j^oo is equal to —Sg^x\Xo{f)- The same holds 
for Z^-^^^yr^f^j-^iT^) and the result follows since T[]<q\{Sg — i5g,x\Xo(/)) is equal to 
SgN ( [Xo (/)] ) by Lemma EH □ 

5.10. We fix an integer N such that N > 7((/), (g)) and a log-resolution h : Y —>■ X 
of (X, Xo(/) U Xo{g)) such that X > ■yhHf ), (g))- We keep the notations used in 
O and 1121 In particular, NNi{g) > Ni{f) for i G C. Note that the stratum E| is 
contained in {g o h)~^{0) if and only if J = / fl C is non empty. 

Fix a non empty stratum Ej in Y. 

We consider the cones A| and in R{^q defined respectively by 

(5.10.1) 5ZiV,(/)x, > Nj2Nj{g)xj 

and 

(5.10.2) 5^X,(/)x. = X^X,(^)x,. 

i&i jeJ 
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Note that when K = I\C is empty, I = J and Ni{f) < NNi{g) for all i, hence the 
cones A'j and are both empty. 
As in fj3.8.2|) . we have 

(5.10.3) ^t(Z;(T) + Z%T)) = ^ [f/,] vl/,(T) 



with 



(5.10.4) ^i(T) = ^ L-E»e/^»'=»T^»e/^'(/)'=«. 

kG(A+uAO)nN^o 

Since 

(5.10.5) lim ^/(T) = x(A+ U A?) = 0, 

Ti— i-OO 

we deduce that 

(5.10.6) \imjliZliT) + Z%T)) = 0. 

5.11. We now want to compute the zeta function Z°^^iv(T). Fix k in A5nN{.Q and 

denote by the finite morphism from to A^ sending u to (u^^). We shall still 
denote by (j) its restriction as a group morphism from to G^^. Taking the pullback 
along of the deformation to the normal cone to Ej in Y, pj : CYj — ^ A{, introduced 
in 13. 5t one gets a morphism p : CY]^^ — A^ having the following description. The 
scheme Clk may be identified with Spec where 

(5.11.1) A:= J2 ^y-K 

is a subsheaf of Oy^AlV^^^]) ^ind the natural inclusion OyxAl ~^ -^k induces a 
morphism vr : Clk — » F x A^ from which p is derived. Via the same inclusion, the 
functions f oh^ oh and {f + g^) o h are divisible by ii^^ei ^i^iU) ^j^. We denote 
the quotients by /k, and Fk, respectively. 

We denote by Ei the pullback of the divisor Ei x A^ by vr, by D the divisor 
globally defined on Clk by u = 0, and by CEi the divisors Ei — kiD, i in I (resp. 
Ei, i not in /). We denote by CY^ the complement in Clk of the union of the CEi, 
i in A, and by Y° the complement in Y of the union of the Ei, i in A. We denote 
by Fj the function fi + gf:Ui^Al. 

5.12. Lemma. The scheme Cik is smooth, the morphismn induces an isomorphism 
above A^ \ {0}, the morphism p is a smooth morphism and its fiber p~^{0) may be 
naturally identified with the bundle vej- When restricted to CY^, the fiber ofp above 
is naturally identified with Ui and it induces an isomorphism between CY^\p^^{0) 
and Y° x A^ \ {0}. The restriction of (resp. g^, F\^) to the fiber Uj C ^^"'^(0) is 
equal to fj (resp. gi, Fj). 
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Proof. Since CYk is covered by open subsets of the form Spec Ou[yi, u]/ {zi — u^^yi) 
with U open subset on which the divisors Ei are defined by equations = 0, the 
smoothness of CYy_ is clear. The remaining properties are checked directly. □ 

The G^-action ct/ on CYi induces via a Gm-action on CY\^ we denote by a, 
leaving sections of Oy invariant and acting on u by cr(A) : u ^ X^^u. Note that 
in coordinate charts such as in the proof of Lemma 15.121 a leaves Zi invariant and 
cr(A) maps yi to X'^^yi- We have now two different G^-actions on CniCY^): the one 
induced by the standard Gm-action on arc spaces and the one induced by a. We 
denote by a the action given by the composition of these two (commuting) actions. 

For if in Cn{Y) with ip{Q) in E^, we set oidE^V '■= ordt2j(v9), for Zi any local 
equation of E^ at ^pifS). 

Let us denote by Cn{CY^) the set of arcs ip in CniCY^) such that p{ip(t)) = t (in 
particular tf{0) is in Uj). For such an arc <f, composition with vr sends ip to an arc 
in Cn{Y X A^) which is the graph of an arc in Cn(Y) not contained in the union of 
the divisors Ei, i in I. Note that Cn{CY^) is stable by a. 

We will consider A'„,k, the set of arcs ip in Cn(Y) such that ip{0) is in Ej and 
ord^.y? = ki for i E I. 

5.13. Lemma. Assume n > for i in I . The morphism tt : Cn{CY^) — * Xn,\L 
duced by the projection CY^ -^Y is an affine bundle with fiber ' ' . Furthermore 
if Cn{CY-^) is endowed with the Gm-action induced by a and Xn,\i. with the standard 
Gm-action, tt is Gm-eQuivariant and the action ofGm on the affine bundle is affine. 
Ifn > Y^ikiNi{f), the composed maps a.c{f o h){n{ip)) and eic{goh){Tc{ip)) are equal 
respectively to fj{(p{0)) and gi{(p{0)) , whereas 

(5.13.1) ac((/ + (7^) o h){n{p)) = ac(Fk(^)). 

Furthermore, when Fj{{p{0)) ^ 0, hence (ordt(/ + g^^ o /i)(7r((p)) = kiNi{f), we 
have 

(5.13.2) ac((/ + g"") o h)^^)) = Fj{p{0)). 

Proof. Every point in Ej is contained in a open subset UofY such that the divisors 
Ei, i E I are defined by equations Zi = in U and such that there exists furthermore 
d— \I\ functions Wj on U such that the family {zi, Wj) gives rise to an etale morphism 
U Af. This morphism induces an isomorphism CniU) ~ U x^d Cn{-Af), cf. 
Lemma 4.2 of [F. Adding further the coordinate u, gives an isomorphism Cn{U x 
A^) ^ ([/ X A^) Xj^d+i Cn{A'l'^^). The family {yi,Wj,u), with Zi = yiU^\ induces an 

etale morphism 7r^^(f/ x A^) A^"*"^? hence an isomorphism £„(7r^^(f/ x A^)) ~ 
{'K~^{U X A^)) x^d+i £„(A^^^). Under these isomorphisms vr just corresponds to 

multiplicating each ?/j-component of an arc by t^\ Note in particular that in that 
description the action of ct(A) on a component yi(t) is given by yi{t) t— > X^'yi{Xt), 
hence tt is Gm-equi variant. The rest of the statement follows also directly from that 
description. □ 
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We define y„^k as the subset of A:'„,k consisting of those arcs such that ordt((/ + 
g'^) o h){Lp) = n. The constructible set y^^k is stable by the usual Gm-action on 

and the morphism ac(/ + g^) defines a class [3^n,k] in -^pQi(/)nXo{3))xG ■ 
definition 3;„,k = 0^f n < ^i^'il/)- 

We then define 3^n,k as the preimage of yn,k by the fibration tt of Lemma IB. 1 HI It 
consists of arcs ip in Cn{CY^) such that oidtFi^^ip) = n — kiNi{f). We denote by 
[3^n,k] the class of in A^pf'^(/)xXo{s))xG™' morphism 3?„,k ^ being ac(Fk) 
and the Gm-action being induced by a. We denote by [Uj \ {Ff^{0))] the class of 
Uj\{Ff^{0)) in •^[xo{/)xXo{g))xG™' Gm-action being the natural diagonal action 
of weight k on [// \ (Ff^(0)) and the morphism to Gm being the restriction of Fj. 
We also consider the class [G^ x ^^^(0)] of G^ x Ff^{0) in -^^"^^j^^^^^^^^q^, the 
Gm-action on the second factor being the diagonal one and the morphism to Gm 
being the first projection. 

5.14. Lemma. The following equalities hold in ''^(Xo(/)xXo(g))xG 

(1) [y^,^]=L^'[Uj\iFf\0))], ifn = Y.ikiN,{f), 

(2) [3^„,k] = L"-^-" [G^ X F7^(0)], ifn - EihN,{f) = m > 0. 

Proof. If n = kiNi{f), k is the set of arcs ip{t) in £„(CF,^) such that ip{0) lies 
in Uj \ iFf\0)) and n(v3(t)) = t, and (1) follows. 

If n — Ylii^i^iW) = Tn > 3^„k is the set of arcs ip in Cn{CY^) such that 
ordt(Fk)((y5) = m and u{ip{t)) = t. Now let us observe that the morphism (Fk,^) : 
CY^ Al is smooth on a neighborhood of Uj in CY^, since m is a smooth function 
on CY^ and the restriction of Fk to the divisor u = 0, identified with Uj, is Fj = 
fj + gf' which is a smooth function on Uj. The fact that Fj = fj + gf is a smooth 
function on Ui is checked locally as follows: for i in / \C (recall J\C is non empty), 
and with local coordinates as above, 

(5.14.1) + = II = ;v,(/)A 

does not vanish on f//. □ 

5.15. Lemma. We have 

(5.15.1) ^;K°(/ + ^7^)]= E E [3^n,k]L-S-^(--l)'=^ 

Proof. This is a standard application of the change of variable formula, or more 
precisely of Lemma 3.4 in jB]. The proof is completely similar to the proof of 
Theorem 2.4 of (Recall that is empty if K is empty.) □ 

It follows from Lemma f5 . 1 51 and Lemma f5. 131 that 

(5.15.2) 2;ZJ+^^.(T) = ^ E [55„,k]L^^-^'^"^"L-"'^T'^. 

,\"<?ri5: kGAOnN^^o 
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Using Lemma EHH we deduce 

(5.15.3) qzl^4T) = Yl {[Ui\iFr'm] + [G^xFr\0))]j^^^)^j{T), 



/nC=.J#0 



with 

(5.15.4) $^(T) = ^ 1,-T,^eI''^'''T^^eI'^'(f)''i_ 

keAOnN{.(, 

Since $/(T) lies in Z[L,L-%T]],, and 

(5.15.5) lim <l>i{T) = x(A°) = {-if^'^ 



^IZf+gN jT) l ies in A <^^(/)nxo(g))xG^[[^]]sr- Using Theorem iHl we deduce from 
dnSSl) and dHEi) that 

(5.15.6) hm t;Z%^4T) = *e(V('5/))- 
We deduce from fPTTHl . (pTTni) . (I5.15.(i|) and (I5.1().(il) that 

(5.15.7) ^^5; - tlSf^g. = vI/s(V('5/)) - SgN{[Xoif)]). 

By Proposition 15. 21 5giv([Xo(/)]) = '^Y.{SgN{[Gm x Xo(/)])), hence the statement 

of the Theorem follows from (jninZZD, since i;f5^-z^5^^^jv = (-l)^"^(«15/-Z2'5/+3iv). 

□ 

If / is a function on the smooth variety X of pure dimension d and x is a closed 
point of Xo{f), we write Sf^x for i^Sf, and for i^Sj, where ix stands for the 

inclusion of x in Xo(/). Note that 5^,^, = {—iy~^{Sf^x — [Gm x {x}]). 
Theorem 15 . 71 has the following local corollary: 

5.16. Corollary. Let X be a smooth variety of pure dimension d, and f and g be 

two functions from X to A^. Let x be a closed point of Xoi^f) fl XqIq). For every 
N > 'Jxiif), (g)), the equality 

(5-16.1) Si - 5;^^^^^ = ^^iS^.^xiSp) 

holds in . 

Proof. The only point to be checked is that 7((/), (g)) may be replaced by the local 
invariant 7x((/), {g)), which is clear from the proof of Theorem 15.71 □ 

5.17. Let us now explain how to deduce from Theorem 15.71 the motivic Thom- 
Sebastiani Theorem of [7], [TB] and [S]. 

Let X and Y be two varieties over k. For r and s in N, cartesian product gives 
rise to an external product 

(5.17.1) K : A^^^^^ X M?i^.^ -^Sy.G-^ 

(not to be confused with the one in 15.1.5^ . 
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Let Xi and X2 be smooth varieties and consider functions fi : Xi ^ A], and 
f2 : X2 ^ Al- We set Xq = /f ^(0) x /2"^(0) and, for any Y (Z Xi x X2 containing 
Xo we denote by i the inclusion of Xq x in y x Gm- 

5.18. Theorem. Let Xi and X2 be smooth varieties of pure dimension di and d2 
and consider functions fi : Xi ^ and f2 '■ X2 ^ A^. Denote by fi © /2 the 
function on Xi x X2 sending {xi,X2) to fi{xi) + f2{x2)- Then 

(5.18.1) esl^^^ = ^^islmsi) 

Proof. We set X = Xi x X2 and we denote by / and g the functions on X induced by 
/i and /2, respectively. In particular /i©/2 = f + g- HYi ^ Xi is a log-resolution of 
(Xi, /r^(0)) and ¥2 ^ X2 is a log-resolution of (X2, /2"^(0)), h : Y := Yi x Y2 X 
is a log-resolution of (X, /~^(0) U g~^{0)). Using such a log-resolution it is easily 
checked that 7((/), {g)) = 0. By (I5.15.7|l . 

(5.18.2) esf - eSf^, = ^^{s,{Sf)) - es,{[Xo{f)]). 

Using the log-resolution h one checks that i*Sf = Sf, K [/2"^(0)], Sg{Sf) = Sf.^Sf^ 
and i*Sg{[Xoif)]) = [/r^(0)] K Sf^. Hence (I5.18.2j) may be rewritten as 

(5.18.3) ^j:iSf, M Sj,) = Sf, M [f,\0)] + [/^^(O)] M Sj, - i*Sf,^f,. 

Since Sf, m [f,\Q)] = ^>^{Sf, M [f,\Q) x GJ) and [f{\Q)]MSf, = ^^{[f{\^) x 
Gm]K15/2) (cf- the proof of the statement concerning the unit element in Proposition 
Q, (|5.18.1|1 directly follows, by definition of 5<^. □ 

6. Spectrum and the Steenbrink conjecture 

6.1. We now assume k = C We denote by HS the abelian category of Hodge 
structures and by ii'o(HS) the corresponding Grothendieck ring (see, eg, 8J for 
definitions). Note that any mixed Hodge structure has a canonical class in i^^o(HS). 
Recall there is a canonical morphism 

(6.1.1) Xh-Mc^ i^o(HS), 

which assigns to the class a variety X the element Xlj(~l)*[-^c(^' Q)] -^o(HS), 
where [if*(X, Q)] stands for the class of the mixed Hodge structure on iJ*(X, Q). 
Let us denote by HS™""^ the abelian category of Hodge structures endowed with an 
automorphism of finite order and by -ft'o(HS™°'^) the corresponding Grothendieck 
ring. Let us consider the ring morphism 

(6.1.2) Xh : -Mg: i^o(HS--) 

deduced from (l;-i.l6.2|l via and composition with KoiMYiWi^^^c) ^o(HS'"°'^) 

It is described as follows: if [X] is the class of / : X — >• G^ in A^g^ with 
X connected, since / is monomial with respect to the G^-action, / is a locally 
trivial fibration for the complex topology. Furthermore, if the weight is, say, n, 
X I— >■ exp(27rzt/n)a; is a geometric monodromy of finite order along the origin. It 
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follows that Xi , the fiber of / at 1 , is endowed with an automorphism of finite order 
Tf, and we have 

(6.1.3) Xhilf : X ^ G^]) = iJ2^-mKiX^, Q)],T;). 

i 

There is a natural linear map, called the Hodge spectrum, 

(6.1.4) hsp : i^o(HS"'°°) Z[Q], 
such that 

(6.1.5) hsp([i/]):= Yl i"(Edini(i^r)n, 

aGQn[o,i) p.gez 

for any Hodge structure H with an automorphism of finite order, where if^'^ is the 
eigenspace of H^''^ with respect to the eigenvalue exp{2nia). We identify here Z[Q] 

with Un>iZ[ti/",r^/"]. 

We shall consider the composite morphism 

(6.1.6) Sp := (hsp o xh) : M^^ ^ Z[Q]. 

Note that Sp is a ring morphism for the convolution product * on A^q'", by Lemma 

Denoting by HS^^™°'^ the abelian category of Hodge structures endowed with two 
commuting automorphisms of finite order and by Kq(HS'^~"^°'^) the corresponding 
Grothendieck ring, one deduce from ()3.16.2|) via ()2.6.3|) a ring morphism 

(6.1.7) Xh : ^ iro(HS2— ) 

having a description similar to ()6.1.3|) . 

Also we can define a Hodge spectrum on /('o(HS^~™°°) as follows. Denote by 
TT : [0, 1) n Q — Q/Z the restriction of the projection Q Q/Z and by s : Q/Z — > 
[0, 1) n Q its inverse. The bijection Q/Z x Z Q sending (a, b) to s(a) + b induces 
an isomorphism of abelian groups between Z[Q/Z x Z] and Z[Q]. We define the 
spectrum 

(6.1.8) hsp : iro(HS^-"°") — > Z[(Q/Z)2 x Z] 

by 

(6.1.9) hsp{[H])= E E(^i^^';^)^^^"^^^^''^^'' 

aeQn[o,i) /3eQn[o,i) p,gez 

with -f^Q^ the eigenspace of H^''^ with respect to the eigenvalue exp(27ria) for the 
the first automorphism and exp{2iTi(3) for the the second automorphism. We shall 
denote by Sp the morphism of abelian groups 

(6.1.10) Sp := (hsp o Xh) ■■ ^ Z[(Q/Z)2 x Z]. 
We denote by 6 the morphism of abelian groups 

(6.1.11) Z[(Q/Z)2 X Z] Z[Q] 
sending f'u^v'' to t'^(«)+K'')+c. 
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q2 

Let A be an element of TWq™. The relation between the spectrum of A and the 
spectrum of \E's(^) is given by the following proposition. 

q2 

6.2. Proposition. Let A be an element of Aif-,^. We have 

(6.2.1) Sp(^s(A)) = SiSpiA)). 

Proof. Let A be a smooth variety with cL good. G^-cLCt ion and with a morphism to 
which is diagonally monomial of weight {n,n), n in N>o. Let us denote by Ai 
the fiber of A above (1, 1). By ()5.1.8|) and using the notation therein, we have 

(6.2.2) ^s([^]) = - Wi x^"^/^" Ai] + [F^ x^"^^" Ai]. 

The result follows from the following well-known computation of the cohomology of 
Fermat varieties (cf. and Lemma 7.1 in jTH]). □ 

6.3. Lemma. Let («,/9) he in (Q/Z)^. For every common denominator n of a 
and P, the Hodge type of the eigenspaces if*(F", C)(q;, /?) and HI{Fq , C) {a , P) of 
fXn X /i„ in Hl{F^, C) and Hl{F^, C) respectively with character (a, /?) e (n~^Z/Z)^ 
is independent of n and is computed as follows: 

(1) H^{F^,C){a,f3) is of rank 1 for [a, 13) ^ (0,0) and and of rank 2 for {a, (3) = 
(0,0) ; Hl{F^,C){a,f3) is of Hodge type (0, 1) z/ a 7^ /3 and < 
s{a) + s{l3) < 1, (1,0) if I < s{a) + s(/5) < 2 and (0,0) otherwise, that is 
if a = or (3 = or a + P = ; if^(F")(0, 0) is of rank 1 and Hodge type 
(1, 1) ; all other cohomology groups are zero. 

(2) Hl{FQ,C){a,—Q), resp. iJf (Fq"-, C)(a, — a), is of rank 1 and Hodge type 
(0,0), resp. (1,1), for any a in Q/Z, and all other cohomology groups are 
zero. □ 

We shall also need the following obvious statement: 

6.4. Lemma. For N >1, consider the morphism tcn : G^ given by (a, b) t— > 
(a,b ). For every A in Ai , 

(6.4.1) M^m{A)) = -^^MA)it,u^,v). 

1 — UN 

6.5. Let X be a smooth complex algebraic variety of dimension d and let / be 
a function X A^. Fix a closed point x of X at which / vanishes. Denote by 
F^ the Milnor fiber of / at x. The cohomology groups H'^{Fj., Q) carry a natural 
mixed Hodge structure ([211, Ell; |IH|, 120,), which is compatible with the semi- 
simplification of the monodromy operator Tf^^. Hence we can define the Hodge 
characteristic Xh{Fx) of F^ in ii'o(HS™°°). The following statement follows from 
and [S] (it is also a consequence of Proposition 13. ITj) : 

6.6. Theorem. Assuming the previous notations, the following equality holds in 
i^o(HS'"°°).- 

(6.6.1) Xh{F^.) = Xh{Sf,,). 
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In particular, if we define the Hodge spectrum of / at x as 

(6.6.2) Sp(/, x) := (-l)'^-ihsp(xh(F.) - 1), 
it follows from Theorem 16 . 61 that 

(6.6.3) Sp(/,x)=Sp(5;^J. 

Now ii g : X ^ is another function vanishing at x, we shall set, by analogy 

with dnssi), 

(6.6.4) ^v{f,9,x):=MSgASj)). 

Let us denote by 5n the morphism of abelian groups Z[(Q/Z)^ x Z] — Z[Q] 
sending fu^v" to t^(»)+«W/^+c. 

6.7. Proposition. For every positive integer N , the spectrum of '^•£.{SgN ,^{S'j)) is 
equal to 

(6.7.1) Sp(v^s(V,x('5;))) = ^^5a.(Sp(/,<7,x)). 

^ l-tN 

Proof. Follows directly from Proposition 16.21 and Lemma 16.41 □ 
Hence, we deduce immediately the following statement from Corollary 15.161 

6.8. Theorem. Let X he a smooth variety of pure dimension d, and f and g be 
two functions from X to A^. Let x be a closed point o/Xo(/) fl XQ{g). Then, for 
iV>7,.((/),(^?)), 

(6.8.1) Sp(/, x) - Sp(/ + g"^, x) = 5iv(Sp(/, g, x)). 

1 — tN 

6.9. Application to Steenbrink's conjecture. Let us assume now that the func- 
tion g vanishes on all local components at x of the singular locus of / but a finite 
number of locally irreducible curves Ti, 1 < i < r. We denote by the order of g 
on 

As in the introduction, along the complement to {x} in F^, we may view / 
as a family of isolated hypersurface singularities parametrized by F^. We denote 
by aej the exponents of that isolated hypersurface singularity and we note that 
there are two commuting monodromy actions on the cohomology of its Milnor fiber: 
the first one denoted by Tf is induced transversally by the monodromy action of 
/ and the second one denoted by is the monodromy around x in F^. Since the 
semi-simplifications of Tf and can be simultaneously diagonalized, we may define 
rational numbers f3ij in [0, 1) so that each exp{27rif3£j) is the eigenvalue of the semi- 
simplification of Tj. on the eigenspace of the semi-simplification of Tf associated to 

We may now deduce from Theorem 15.71 the following statement, first proved by 
M. Saito in and later given another proof by A. Nemethi and J. Steenbrink in 

mi. 
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6.10. Theorem. For N > 7x((/), ((?)), we have 

(6.10.1) Sp(/ + ^^,x) - Sp(/,a:) = ^t"^.+(/^../e.A^) ^ _^ ' 

Proof. For every £, we set Sj^ := i^^S"^), with ii the inclusion of in Xo(/). Since 
5^ - ^ikiiSf^^) has support in Xo(5') x Gm, 

(6.10.2) V.xl^;) = 5^ 

Now consider the normalization ni : Ti —>■ F^. Let us choose a uniformizing param- 
eter Ti at the preimage of x in F^. We may write g o m = rjr^'^, with t] a local 
unit. We have 

(6.10.3) SgN^^{ipXS'l^^)) = SgN\r^^^{S'^^g) = S^^.,N^^^{Sf^^), 

where in the last term we view iSf « as lying in A^—™ . By Proposition 13 . 1 7( 

(6-10.4) SpiS^^.,.JSf,)) = Sp(5 ^;4,)) 

and 

(6.10.5) Sp(5,,,^,(5^_^)) = - 

where [a] denotes the integer part of a. Indeed, note that if H is the mixed Hodge 
module corresponding to a variation of mixed Hodge structure on a neighborhood of 
xi, the fiber at xe of ipniH) is nothing but the generic fiber of the variation endowed 
with the monodromy around Xe. The sign in ()6.10.5|) results from the fact that 
the numbers aej occuring in its right hand side are the exponents of an isolated 
hypersurface singularity in an ambient space of dimension d — 1 and not d. The 
result follows now from ()6.10.2p . ()6.10.3|) . ()6.10.4|) and ()6.10.5|) by plugging together 
Corollarv 15 . 1 61 and Proposition 16.71 □ 
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